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Abstract
This thesis explores an exotic class of M-theory compactifications in which the
compact manifold is taken to be a Calabi-Yau five-fold – that is, a 10-dimensional
Ricci-flat Ka¨hler manifold. In this way, all spatial dimensions of M-theory are
compactified and the resulting effective theory is a one-dimensional N = 2 super-
mechanics model that exhibits peculiar features of one-dimensional supersymme-
try, such as the appearance of fermion-only super-multiplets. The latter necessitates
reducing also the fermionic sector of M-theory, which is not normally included in
the compactification literature and is thus presented, together with the required
technology, in detail.
The one-dimensional effective theory is most elegantly described in superspace
and therefore, a detailed account of one-dimensionalN = 2 superspace is provided.
This includes developing the theory of fermionic multiplets and the study of cross-
couplings between 2a and 2b multiplets, as well as an in-depth presentation of
curved one-dimensional N = 2 superspace.
Another important aspect is the inclusion of flux. We study its consistency
conditions, its relation to supersymmetry and the way it gives rise to a potential in
the one-dimensional effective action. It is also explained how the supersymmetry-
preserving part of the potential can be obtained from a Gukov-type superpotential.
The main motivation of this compactification scenario is rooted in the realm of
cosmology. Viewed as a cosmological model, its virtue is a democratic treatment
of spatial dimensions. As opposed to the artificial 3+ 7 split in most string com-
pactifications, the early universe starts out with all spatial dimensions compact
and small in our approach. One then seeks for dynamical ways in which three out
of the ten spatial dimensions grow large at late times. Possible realisations of this
idea are discussed both at the classical and at the quantum level.
Finally, preliminary work on Calabi-Yau five-fold compactifications of F-theory
and the resulting two-dimensional string-like actions is presented.
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“If I have seen a little further it is by standing on the shoulders of
Giants.”
— SIR ISAAC NEWTON in a letter to Robert Hooke dated February 5, 1676
Chapter 1
Introduction
1.1 Preliminary Remarks
Around four billion years ago, in a chain of random events totally irrelevant for the
universe as a whole, on some planet in some arm of a spiral galaxy, some molecules
made up of mainly carbon, hydrogen, oxygen, nitrogen, sulphur and phosphorous
(so-called biogenic elements) collided and formed prebiotic structures. This idea of
“abiogenesis” (see, for example, ref. [1]) is but one out of a number of possible scenarios
of how life could have started out on our planet. During the following few billion years,
DNA and conglomerates thereof as well as other organic compounds (such as peptides
and proteins) had evolved out of this “prebiotic soup” into a species of intelligent life
known as homo sapiens. At some point, humans began to wonder how the world they
live in works, came into being and will ultimately end up. It is perhaps this innate
curiosity about the history, inner working and fate of the universe and its contents that
distinguishes us from most other living organisms on this planet. Science strives to
guide, formalise and optimise the accumulation of knowledge that results from this
insatiable curiosity.
These ultimate questions mentioned in the previous paragraph find their mani-
festation, for example, in contemporary theoretical physics in the form of the more
than half a century old puzzle of how to reconcile quantum theory with the theory of
general relativity. It is a curious fact by itself that the two central pillars of modern
physics and arguably two of the most remarkable achievements of the human intellect
are notoriously incompatible. One of several theoretical ideas potentially capable of
shedding light on this puzzle is “string theory” (reviewed, for example, in refs. [2–4]),
although it was originally devised in an entirely different context.
In the late 1960’s, it grew out of an attempt to model the strong interactions in
hadronic physics. At the end, quantum chromodynamics took up its place as model
of the strong nuclear force. String theory fell out of favour at that time not least
because it possessed some unwanted features such as the need for extra dimensions,
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the occurrence of tachyons, the lack of fermions and the existence of massless spin-2
particles. However, the latter was turned into a success by interpreting the unwanted
massless spin-2 particles as gravitons and – banning the theory from the hadronic scale
of 10−15 m down to the Planck scale of 10−35 m – string theory was henceforth regarded
as a candidate for a theory of quantum gravity and possibly a unified theory of nature.
In the 1970’s, string theory received further support from an a priori completely
independent development, namely the discovery of supersymmetry. As far as string
theory was concerned, this new type of symmetry allowed the consistent introduction
of fermions while, at the same time, removing the bothersome tachyon from the
spectrum. Later, in the mid-1980’s, five distinct consistent, anomaly-free superstring
theories defined in 10 dimensions were found and the theory achieved widespread
acceptance.
Albeit a vital ingredient of modern string theory, supersymmetry is an independent
theoretical framework completely in its own right. The central idea behind super-
symmetry is to introduce a symmetry interchanging bosons and fermions, thereby
extending the usual concept of symmetries of quantum field theories based on Lie
groups. In particular, Haag, Łopuszan´ski and Sohnius showed in 1975 [5] that su-
persymmetry offers the only possible way to evade the famous Coleman-Mandula
no-go theorem [6]. Equipping quantum field theories with this symmetry implies truly
remarkable properties, most importantly improved ultraviolet behaviour.1 On the
downside, however, a supersymmetric theory requires an equal number of fermions
and bosons in each multiplet and this is, for example, not how the standard model is
organised. In order to make the standard model supersymmetric each of its elementary
particles must be accompanied by a superpartner of opposite spin statistics but with
the same mass. Since these superpartners have not been seen at the currently accessible
energy scales, it is clear that supersymmetry must be broken if it is to be a symmetry of
nature.
It is possible to marry supersymmetry with the theory of general relativity and the
result is known as supergravity. Just as general relativity can be obtained by gauging the
Poincare´ group of space-time symmetries, supergravity can be viewed as the gauged
version of theories with global supersymmetry. In other words, supersymmetry is
realised as a local symmetry in supergravity theories. Supergravity theories can be
defined in various dimensions (see, for example, refs. [8, 9], for an introduction).
Assuming Lorentzian signature, eleven is the highest number of dimensions2 in which
a supergravity theory can be formulated consistently [10] – that is, such that the
theory does not contain elementary particles with spin greater than two. Furthermore,
1For a recent review, see, for example, the article [7] by the late Julius Wess – one of the founders of
supersymmetry.
2At least formally, it is possible to go to higher dimensions by allowing the space-time manifold to
have more than one time direction. The physical interpretation of such theories becomes problematic,
however. We will come back to this point later in chapter 7.
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supergravity in D = 11 leads to a unique theory, which was first constructed by
Cremmer, Julia and Scherk in 1978 [11]. Most of the numerous supergravity theories
that exist in lower dimensions can be obtained from D = 11 supergravity by a Kaluza-
Klein reduction on some compact manifold.
For more than two decades, string theory and 11-dimensional supergravity have
evolved largely alongside each other without a great deal of interaction. In fact, the the-
oretical physics community has been rather polarised between the two ideas and there
has been a long-standing question of whether and how the two are related. Viewed
in this light, an intriguing fact hinting towards a possible relation is the proximity of
dimensions in which the two theories are defined: string theory in 10 versus supergrav-
ity in 11 dimensions. An answer was finally proposed by Witten and others during a
period of intense activity in 1995 [12, 13]. The result was a new over-arching framework
called “M-theory” whose very name let alone its foundations, fundamental principles
and definitions remain largely elusive.
1.2 Overview and Motivation
In order to make contact with four-dimensional physics, the old idea by Kaluza and
Klein from the 1920’s of how to treat extra dimensions was revived in string-/M-theory
from the outset. By assuming that the extra dimensions are compact (hence the name
compactification) and tiny compared to our macroscopic four dimensions, one arrives
at a lower-dimensional effective description of a higher-dimensional theory. In this
approach, the properties of the lower-dimensional effective theory are determined
by the topology and geometry of the compact manifold that represents the extra
dimensions (and, of course, by the form of the higher-dimensional theory itself).
In 1985, Candelas, Horowitz, Strominger and Witten [14] made use of precisely
this observation by asking how a six-dimensional compact manifold must look like in
order to obtain a physically interesting four-dimensional theory from compactifying
10-dimensional string theory. The answer was Calabi-Yau three-folds. Since then,
string-/M-theory has been compactified on many different kinds of manifolds (and
even non-manifolds) to many different numbers of dimensions, thereby unveiling
a series of powerful and intriguing properties of the theory, such as dualities and
hidden symmetries. Calabi-Yau three-folds [14], four-folds [15–17] and two-folds (that
is, K3) [18, 12] have played a central roˆle in this context.
In the scheme of string-/M-theory compactifications, Calabi-Yau five-folds have
so far largely been treated as “orphans” and the aim of this thesis is to remedy this
shortcoming.3 Since Calabi-Yau five-folds are ten-dimensional, only M-theory (and
3It is important to remark that Calabi-Yau five-folds have already appeared before in the physics
literature, for example, in ref. [19] where subclasses of those manifolds feature in the discussion of
certain vacuum constructions of F-theory and thirteen dimensional S-theory leading to supersymmetric
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F-theory) can be dimensionally reduced on these spaces. The resulting effective theory
is one-dimensional (two-dimensional, if one starts from F-theory) and has a residual
local N = 2 supersymmetry. It is interesting to note that D = 1 and D = 11 are,
respectively, the lowest and highest dimension in which supergravity theories can be
defined (although, supergravity is of course non-dynamical in D = 1) and are thus
special from this viewpoint. Via Calabi-Yau five-fold reductions, these two “extreme”
versions of supergravity are connected.
When the legendary English mountaineer George Leigh Mallory was asked by
journalists in 1923 why he wanted to climb Mount Everest – the highest mountain on
earth –, he famously replied, “because it’s there.” While this is a perfectly legitimate
motivation for climbing a mountain, it is not sufficient for motivating the study of
a scientific problem. We will therefore now discuss the motivations for studying
Calabi-Yau five-fold reductions.
The ultimate vision behind this type of compactification is to potentially provide a
different angle on the “dimensionality problem” of string theory. As described above, in
most attempts to cure string theory’s requirement of more than four dimensions, an ad
hoc split between the observed four extended space-time dimensions and an additional
number of compact extra dimensions is introduced by hand. It would be conceptually
more desirable to treat at least all the spatial dimensions on equal footings in the early
universe. In such a “democratic” picture, one assumes that the early universe started
out with all spatial dimensions compact and tiny. One may then study how three
large spatial dimensions emerge at later times by considering the dynamics on the
Calabi-Yau five-fold moduli space, which is governed by the actions derived in this
thesis.
To this end, we will begin with a dimensional reduction of 11-dimensional super-
gravity on Calabi-Yau five-folds. The result is a one-dimensional effective action in the
form of a non-linear sigma-model coupled to one-dimensional N = 2 supergravity.
We will write this action in curved one-dimensional N = 2 superspace to make the
supersymmetry manifest. In the next step, we will consider higher-order quantum
corrections to the 11-dimensional action and their effects on the one-dimensional ef-
fective theory. At this point, we will also allow non-zero internal background flux
to be present, which gives rise to a potential in the one-dimensional effective theory,
thereby lifting parts of the otherwise totally flat moduli space. The question of moduli
space dynamics is then examined both at the classical and at the quantum, with the
latter being approached via a mini-superspace quantisation procedure. Due to the
complexity of the dynamical equations, we will have to restrict our present analysis to
two-dimensional N = (1, 1) and three-dimensional N = 2 theories, respectively, and then again more
detailed later in ref. [20] in a similar but more general context. Moreover, M-theory backgrounds based on
Calabi-Yau five-folds and their corrections induced by higher-order curvature terms have been considered
in ref. [21].
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the simplest cases which can be worked out explicitly, but do unfortunately not lead to
realistic physical behaviour.
Besides the potential cosmological applications, the one-dimensional effective the-
ory possesses some peculiar features, which turn it into an interesting object to study in
its own right. Even though the computational complexity is generally smaller than in
higher dimensions, one-dimensional theories can have conceptual subtleties. Indeed,
many concepts of ordinary field theory are put to the extreme in one dimension. The
roˆle of gravity, degree of freedom counting and the possibility of supersymmetric
theories with a different number of on-shell bosonic and fermionic degrees of freedom
are examples where subtleties arise. Some of these features have been proposed as
explanations of puzzling properties of four-dimensional theories (see, for example,
ref. [22]).
Finally, we will take a first look at F-theory compactifications on Calabi-Yau five-
folds to two dimensions. Here, we will restrict to a particular proposal for a 12-
dimensional Lagrangian and its reduction to two dimensions. We will find that the
resulting two-dimensional action allows an interpretation as a bosonic string moving
in the moduli space of Calabi-Yau five-folds. Studying the supersymmetric completion
of the two-dimensional theory may potentially shed some light on the structure of the
elusive fermionic side of the 12-dimensional theory. Further motivation comes from
the question of whether Calabi-Yau five-fold reductions favour a particular space-time
signature and whether there is a relation to four dimensions.
1.3 About this thesis
The remainder of the thesis is organised as follows. In chapters 2 to 4, some of the
necessary background knowledge is developed to make the thesis self-contained and to
put it into a wider perspective. These chapters do not contain new results but rather rep-
resent short reviews of some of the existing literature. We begin with chapter 2, where
11-dimensional supergravity and relevant aspects of M-theory are briefly reviewed.
This also serves to fix and explain our notation.
Chapter 3 concentrates on the mathematics of Calabi-Yau manifolds. After pre-
senting the definitions, general properties and the way they originally entered the
physics literature, we specialise on five-folds. Most of the mathematical results on
three- and four-folds carry over to the case of five-folds. However, there are also a
few differences, which will be pointed out in due course. At the end of chapter 3, we
present constructions of explicit examples of Calabi-Yau five-folds. They are highly
relevant as case studies in the application to M- and F-theory reductions later.
In chapter 4, we develop flat and curved one-dimensional N = 2 superspace to
the level of generality required for our purposes. This also proves useful as a check
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that our superspace conventions are self-consistent, which in turn is important since
superspace methods are employed to infer results about supersymmetry later.
Most of the original research reported on in this thesis has been pursued in collabo-
ration with Andre Lukas and Kellogg Stelle and has been published in ref. [23]. The
findings are presented in chapter 5 and at the beginning of chapter 6. The introductory
chapters 2 to 4 are to a certain degree based on review sections of ref. [23], but represent
extended versions thereof.
Chapter 5 sets out to provide a holistic study of the reduction of M-theory on Calabi-
Yau five-folds. After analysing the consistency conditions arising from Calabi-Yau
five-fold backgrounds (slightly extending the considerations in ref. [23]), we perform
the actual reduction of both the bosonic and the fermionic side of 11-dimensional
supergravity to obtain the one-dimensional effective action. We then use the results of
chapter 4 to write the action in superspace. In the last part of chapter 5, we consider
the implications of the presence of non-zero internal background flux for the one-
dimensional theory. We find a scalar potential, which can be obtained from a Gukov-
type superpotential under certain circumstances.
In chapter 6, we take a first look at the physical applications of our one-dimensional
effective theory. We begin by studying some of its classical solutions. After introduc-
ing quantum geometrodynamics and mini-superspace quantisation, we present the
author’s unpublished work on some of the quantum aspects of the one-dimensional
theory obtained from Calabi-Yau five-fold reductions. We quantise the resulting model
and compare it to the mini-superspace quantisation of general relativity. In the last part
of chapter 6, we solve the Wheeler-DeWitt equation for the simplest class of Calabi-Yau
five-fold reductions. This should merely be regarded as an illustrative example as the
solutions display forbidding physical behaviour.
The technology of Calabi-Yau five-fold reductions is applied to a different setting in
chapter 7. We go up in dimensions from 11 to 12 and reduce a 12-dimensional action,
conjectured to be related to F-theory, on a Calabi-Yau five-fold to two-dimensions. This
is also based on some of the author’s currently unpublished work in progress. After
summarising the proposal for a 12-dimensional action, we perform the dimensional
reduction in the same spirit as chapter 5. The resulting two-dimensional action allows
an interpretation as a bosonic string moving in the moduli space of Calabi-Yau five-
folds, which has some interesting implications for the quantum consistency of the
model in relation to topological properties of the corresponding Calabi-Yau five-fold.
A central element of the 12-dimensional action is its connection with 11-dimensional
supergravity. We therefore devote the last part of chapter 7 to the question of how this
connection manifests itself at the level of the lower-dimensional theories resulting from
Calabi-Yau five-fold reductions.
We conclude the thesis in chapter 8 with a summary of the main results and a list
of possible future directions. After chapter 8, the reader will find two appendices.
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Appendix A contains an in-depth explanation of our conventions and notation. A
particular emphasis is placed on index-free differential form language, which is used
extensively throughout the other chapters. Finally, appendix B comprises a collection
of some longer calculations and proofs, which were omitted in the main text to avoid
distraction.
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Chapter 2
D = 11 Basics
2.1 11-dimensional supergravity a` la Cremmer-Julia-Scherk
The field content of D = 11 supergravity a` la Cremmer-Julia-Scherk (CJS) [11] is
remarkably simple compared to most of the supergravity theories in lower dimensions.
It comprises the metric1 gMN (spin 2) and an Abelian 3-form gauge field A (spin 1) on
the bosonic side and the gravitinoΨM (spin 3/2) on the fermionic side. In D dimensions,
the metric, a p-form gauge field and the gravitino contain 12 D(D − 1),
( D−1
p
)
and
(D − 1) f off-shell degrees of freedom, respectively. In the same order, the counting
of on-shell degrees of freedom is 12 D(D− 3),
( D−2
p
)
and 12 (D− 3) f , respectively. The
quantity f in the formulæ for the degrees of freedom of the gravitino represents the
dimension of the smallest irreducible spinor representation of SO(D− 1, 1), for example
f = 32 for D = 11. Derivations of the counting formulæ can be found, for example, in
ref. [9]. In 11-dimensional supergravity, the metric, 3-form and gravitino comprise 44,
84 and 128 independent on-shell degrees of freedom, respectively. There is an equal
number of bosonic (44 + 84) and fermionic (128) degrees of freedom as required by
supersymmetry.
Using only the fields introduced above, requiring diffeomorphism invariance, local
Lorentz invariance, local supersymmetry, Abelian gauge invariance δA = dΛ and
stopping at the two derivative level, leads to the unique 11-dimensional classical CJS
action [11]
SCJS = SCJS,B + SCJS,F , (2.1.1)
SCJS,B =
1
2κ211
∫
M
{
R ∗ 1− 1
2
G ∧ ∗G− 1
6
G ∧ G ∧ A
}
, (2.1.2)
1Our conventions for indices, metric signature, symbols and other choices are summarised in ap-
pendix A and in the list of symbols on pages 7-8. Here, M, N, . . . = 0, 1, . . . , 10 are D = 11 curved
space-time indices.
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SCJS,F = − 12κ211
∫
M
d11x
√−g{Ψ¯MΓMNPDN (ω+ ωˆ2
)
ΨP
+
1
192
(
Ψ¯MΓMNPQRSΨS + 12Ψ¯NΓPQΨR
)
(GNPQR + GˆNPQR)
}
,
(2.1.3)
where κ11 is the 11-dimensional gravitational constant, G = dA is the 4-form field
strength of the 3-form gauge field A, R is the Ricci scalar of the 11-dimensional metric
gMN ,M is the space-time manifold and g ≡ det gMN . We use index-free notation where
possible. Our conventions for differential forms are summarised in appendix A.3. In
local coordinates, the bosonic action (2.1.2) becomes
SCJS,B =
1
2κ211
∫
M
d11x
{√−gR− √−g
48
G2 +
1
(3!4!)2
GGA
}
, (2.1.4)
where G2 ≡ GMNPQGMNPQ and GGA ≡ GM1...M4 GM5...M8 AM9...M11εM1...M11 .
The gravitino ΨM is an 11-dimensional Majorana spinor,2 the Dirac conjugate Ψ¯M
is given by Ψ¯M = iΨ†MΓ
0 and the Majorana representation is chosen for the gamma
matrices ΓM. Note that the gamma matrices appearing in (2.1.3) are curved gamma
matrices, related to the flat space gamma matrices by a contraction with the inverse
vielbein ΓM = eMN Γ
N , where underlined indices denote tangent space (local Lorentz)
indices. The covariant derivative DN(ω) is defined by
DN(ω)ΨP =
(
∂N +
1
4
ωN
QRΓQR
)
ΨP , (2.1.5)
with spin connection ωN QR. The supercovariant tensors ωˆ and Gˆ are given by
ωˆMNP = ωMNP − 14 Ψ¯
QΓMNPQRΨR , (2.1.6)
GˆMNPQ = GMNPQ − 6Ψ¯[M ΓNPΨQ] . (2.1.7)
They are responsible for introducing terms quartic in the gravitino into the fermionic
action (2.1.3), which are necessary for supersymmetry to work. The particular form
in eqs. (2.1.6)-(2.1.7) renders them supercovariant, which means their supersymmetry
variations do not contain derivatives of the infinitesimal supersymmetry parameter
e(11). The structure of the 4-fermi interactions is rather complicated and hence, in most
of what follows, these terms are ignored. It is therefore appropriate to re-write the
fermionic action (2.1.3) with the 4-fermi terms separated out
SCJS,F = − 12κ211
∫
M
d11x
√−g{Ψ¯MΓMNPDN(ω)ΨP
+
1
96
(
Ψ¯MΓMNPQRSΨS + 12Ψ¯NΓPQΨR
)
GNPQR
}
+ SCJS,F,4 , (2.1.8)
2Our conventions for spinors are summarised in appendix A.2.
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where just for completeness, we state
SCJS,F,4 =
1
2κ211
1
32
∫
M
d11x
√−g{ (Ψ¯MΓMNPΓQRΨP) (Ψ¯SΓNQRSTΨT)
+
(
Ψ¯MΓMNPQRSΨS + 12Ψ¯[N ΓPQΨR]
) (
Ψ¯NΓPQΨR
)}
. (2.1.9)
Contributions from the 4-fermi terms in SCJS,F,4 to other equations are henceforth
abbreviated to (fermi)4 (or (fermi)3 in case of supersymmetry transformations) and
not considered explicitly.
Varying the action (2.1.1) yields the equations of motion (for a step-by-step deriva-
tion, we refer to ref. [24])
RMN =
1
12
GMM2 ...M4 GN
M2 ...M4 − 1
144
gMNGM1 ...M4 G
M1 ...M4 , (2.1.10)
d ∗ G + 1
2
G ∧ G = 0 , (2.1.11)
ΓMNPDˆNΨP = 0 , (2.1.12)
where RMN is the Ricci tensor of the metric gMN and the supercovariant derivative DˆN
is defined as
DˆM = DM(ωˆ) +
1
288
(
ΓM NPQR − 8δNMΓPQR
)
GˆNPQR . (2.1.13)
In eqs. (2.1.10) and (2.1.11), the contributions from the fermionic action (2.1.3) are
missing. However, we do not need these contributions for we will use the field
equations solely to study supergravity backgrounds with vanishing fermions. Ignoring
the 4-fermi terms in eq. (2.1.3), one may write eq. (2.1.12) as
ΓMNPDN(ω)ΨP +
1
96
(
ΓMNPQRSΨS + 12gMNΓPQΨR
)
GNPQR + (fermi)3 = 0 .
(2.1.14)
In local coordinates, the 3-form equation of motion (2.1.11) reads
∇MGMNPQ + 12(4!)2 GM1 ...M4 GM5 ...M8e
M1 ...M8 NPQ = 0 . (2.1.15)
The classical CJS action (2.1.1) is invariant under local supersymmetry transforma-
tions of the form
δe(11)gMN = 2e¯
(11)Γ(MΨN) , (2.1.16)
δe(11) AMNP = −3e¯(11)Γ[MNΨ P] , (2.1.17)
δe(11)ΨM = 2DˆMe
(11) , (2.1.18)
which are parameterised by an 11-dimensional anti-commuting Majorana spinor e(11).
19
CHAPTER 2. D = 11 BASICS
Again, ignoring the 4-fermi terms in eq. (2.1.3), one may write eq. (2.1.18) as
δe(11)ΨM = 2DM(ω)e
(11) +
1
144
(ΓM NPQR − 8δNMΓPQR)e(11)GNPQR + (fermi)3 . (2.1.19)
The actual proof that the action (2.1.1) is invariant under the transformations (2.1.16)-
(2.1.18) is quite long and in parts tedious. On the other hand, we believe it is instructive
to go through it, particularly in view of the necessary manipulations of fermionic
terms, which are similar to the calculations in section 5.3 on the fermionic reduction.
Moreover, we will later use the supersymmetry of the action (2.1.1) to infer key facts
about the kind of supersymmetry realised in the one-dimensional models obtained by
dimensional reduction and therefore, it is very important to ascertain ourselves that
there are no mistakes in the equations written above. However, presenting the proof
here would disrupt the flow of this short summary, which is why we instead opted
for showing the proof in the appendix and the interested reader is kindly referred to
appendix B.1 for the detailed proof.
2.2 M-theory snippets
Dimensionally reducing3 the 11-dimensional CJS action (2.1.1) on a circle leads to the
so-called type IIA supergravity in ten dimensions [26–28], whose bosonic action (in the
“string frame”) reads
SIIA =
1
2κ210
∫ {
e−2φ
[
R ∗ 1+ 4 dφ ∧ ∗dφ− 1
2
H ∧ ∗H
]
−1
2
F ∧ ∗F− 1
2
G ∧ ∗G− 1
2
G ∧ G ∧ B
}
, (2.2.1)
with metric g, dilaton φ, NS-NS 2-form B, R-R 1-form C, R-R 3-form A and correspond-
ing field strengths F = dC, H = dB and G = dA + H ∧ C. In order to arrive at (2.2.1),
the following compactification ansatz has been made for the 11-dimensional bosonic
fields
dsˆ2 = e−
2
3φds2 + e
4
3φ(dx10 + Cmdxm)2 , (2.2.2)
Aˆmn 10 = Bmn , Aˆmnp = Amnp , (2.2.3)
where, for distinction, hatted objects denote 11-dimensional fields and m, n, . . . =
0, . . . , 9 are 10-dimensional curved indices. In addition, one learns a relation between
the radius R of the compactified 11th dimension and the gravitational constants κ10
and κ11
κ211 = 2piR κ
2
10 . (2.2.4)
3For a general introduction to Kaluza-Klein reductions, we refer to refs. [25, 4].
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Type IIA supergravity is the low-energy effective theory of the 10-dimensional type
IIA superstring [2–4] with parameters identified as follows
2κ210 = (2pi)
7l8s g
2
s , (2.2.5)
where ls =
√
α′ is the string length and gs = e〈φ〉 is the type IIA superstring coupling
constant. From (2.2.2) it follows that a distance measured in 10-dimensional string
units is equal to g1/3s times the same distance measured in 11-dimensional Planck units.
The fundamental length scales in 10 and 11 dimensions are thus related by
lp = g1/3s ls , (2.2.6)
where lp is the 11-dimensional Planck length 2κ211 =
1
2pi (2pilp)
9. Plugging eqs. (2.2.5)
and (2.2.6) into eq. (2.2.4) yields
R = g2/3s lp = gsls , (2.2.7)
suggesting that, in the strong coupling limit, gs → ∞, of the type IIA superstring,
an 11th dimension grows large and the full non-perturbative theory becomes 11-
dimensional [12, 13]. The conjectured 11-dimensional theory – dubbed M-theory –
is characterized by reproducing 10-dimensional type IIA superstring theory upon
dimensional reduction on a circle and having 11-dimensional CJS supergravity as its
low-energy limit.4
In its roˆle as the low-energy effective theory of M-theory, the CJS action (2.1.1)
receives an infinite series of higher-order derivative corrections which are organised by
integer powers of the quantity
β =
1
(2pi)2
(
κ211
2pi2
)2/3
, (2.2.8)
and can be written schematically in a perturbative expansion as
S11 = SCJS +
∞
∑
i=1
βi S11,(i) . (2.2.9)
In this thesis, we work at most up to orderO(β1), at which the famous R4 terms appear
S11 = SCJS + β S11,(1) + . . . = SCJS + β S11,GS + β S11,R4 + . . . . (2.2.10)
The two distinct terms S11,GS and S11,R4 present at O(β1) are discussed below.
4This is by no means all the evidence there is for M-theory. The conjecture is also supported by
arguments involving various branes and dualities. The presentation in this section is streamlined to the
context and applications discussed in this thesis. More complete reviews of M-theory can be found, for
example, in refs. [29–32, 4].
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The first correction term we consider is the so-called Green-Schwarz term [33]
S11,GS = − (2pi)
4
2κ211
∫
M
A ∧ X8, (2.2.11)
where X8 is a quartic polynomial in the curvature 2-formRM N ≡ 12 RM NPQdxP ∧ dxQ.
It can be conveniently expressed in terms of the first and second Pontrjagin classes [34],
p1(M) and p2(M), ofM as
X8 =
1
48
(( p1
2
)2 − p2) ,
p1(M) = −12
(
1
2pi
)2
trR2 ,
p2(M) = 18
(
1
2pi
)4 (
(trR2)2 − 2 trR4
)
,
(2.2.12)
thereby making its topological nature manifest. For more details on Pontrjagin classes
and X8, we refer to appendix B.3. The existence of (2.2.11) is inferred from M5-brane
worldvolume anomaly cancellation [33]. Signs and pre-factors are determined by
supersymmetry and the anomaly cancellation condition on the five-brane world vol-
ume [35–37]. In view of later chapters, it is important to notice that the relative sign
between S11,GS and the Chern-Simons term, GGA, is positive in our conventions. The
Green-Schwarz term (2.2.11) leads to a correction to the equation of motion (2.1.11) for
A, which now reads
d ∗ G = −1
2
G ∧ G− (2pi)4βX8 . (2.2.13)
We note that the exactness of d ∗G implies that the eight-form 12 G∧G+ (2pi)4βX8 must
be cohomologically trivial onM. This integrability condition will become important
later when discussing Calabi-Yau five-fold compactifications.
The second term appearing at order O(β1) comes from uplifting a known 10-di-
mensional counterterm of the type IIA superstring,
SIIA,R4 ∼
∫
d10x
√−g tm1...m88 tn1 ...n88 Rm1m2n1n2 . . . Rm7m8n7n8 , (2.2.14)
to 11 dimensions [38–40]. The famous rank eight tensor t8 has been defined in ref. [41].
In our convention, the uplift to 11 dimensions produces
S11,R4 =
1
2κ211
1
9 · 211
∫
M
d11x
√−g tM1...M88 tN1 ...N88 RM1 M2 N1 N2 . . . RM7 M8 N7 N8 , (2.2.15)
where the 11-dimensional t8 corresponds to the 10-dimensional t8 with the index
range extended by one. Since t8 contains a term proportional to the 8-index ε-symbol,
(2.2.15) contains a piece proportional to the product of two 8-index ε-symbols, which
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should be regarded as a formal expression that is to be replaced by products of Kron-
ecker-δs according to the fundamental ε-symbol identity (A.3.8). Supersymmetry in 11
dimensions relates S11,R4 to S11,GS and therefore provides a way of checking the sign
and pre-factor in (2.2.15).
2.3 Branes in 11-dimensional supergravity5
As part of the D = 11 super-Poincare´ algebra acting on the objects defined in section 2.1,
the most general anti-commutation relations amongst the 32-component Majorana
supercharges Qα, allowing central charges, reads as follows [43, 44]
{Qα, Qβ} = (ΓMC)αβPM + 12! (Γ
MNC)αβZMN +
1
5!
(ΓMNPQRC)αβZMNPQR , (2.3.1)
where α, β, . . . = 1, . . . , 32 are 11-dimensional spinor indices and C is the charge conju-
gation matrix defined in (A.2.3). The 528 components of the left hand side are split into
528 = 11+ 55+ 462 on the right hand side. The tensors ZMN and ZMNPQR are called
central charges for they commute with all the other generators of the super-Poincare´ al-
gebra. These 2-form and 5-form charges are inter alia6 carried by 2-branes and 5-branes,
respectively. To highlight the M-theory context, these are denoted M2- and M5-branes.
These branes have indeed been found as classical 1/2-BPS solutions of the classical
CJS action (2.1.1) [46, 47]. The fundamental “electric” M2-brane solution [46] takes the
form
ds2 = H−
2
3 ηαβdσαdσβ + H
1
3 (dr2 + r2dΩ27) ,
A = H−1dσ0 ∧ dσ1 ∧ dσ2 , ΨM = 0 ,
(2.3.2)
where dΩ7 is the volume element of the 7-dimensional unit sphere S7, H ≡ 1 + k3r6
with integration constant k3 > 0 and σα, α, β, . . . = 0, 1, 2, are the coordinates on the
M2-brane world-volume. Near the M2-brane, which is located at r = 0, the geometry
is AdS4 × S7 breaking SO(10, 1) to SO(2, 1)× SO(8). Far away (r → ∞) from the M2-
brane, the space-time is approximated by 11-dimensional Minkowski-spaceM11 with
full SO(10, 1).
For completeness, we also state the solitonic “magnetic” M5-brane solution [47]
ds2 = H−
1
3 ηαβdσαdσβ + H
2
3 (dr2 + r2dΩ24) ,
∗A = H−1dσ0 ∧ · · · ∧ dσ5 , ΨM = 0 ,
(2.3.3)
5This short section is specifically tailored to include – out of this vast subject – only what will be
needed in later chapters of this thesis. For a review of the subject, we refer to, for example, ref. [42].
6The other objects arising from ZMN and ZMNPQR are the so-called MW- and KK6-branes correspond-
ing to waves and Kaluza-Klein monopoles, respectively. The associated supergravity solutions are purely
gravitational, that is A = ΨM = 0. In addition, there is an M9-brane, which couples to a non-dynamical
10-form. For more details, see, for example, ref. [45].
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where dΩ4 is the volume element of the 4-dimensional unit sphere S4, H ≡ 1 + k6r3
with integration constant k6 > 0 and σα, α, β, . . . = 0, . . . , 5, are the coordinates on
the M5-brane world-volume. This solution interpolates between AdS7 × S4 near the
M5-brane at r = 0 and M11 far away, r → ∞, with isometries SO(5, 1)× SO(5) and
SO(10, 1), respectively.
The classical action for the M2-brane is given by
S3 = −T3
∫
M3
{
d3σ
√−g˜ + A˜} , (2.3.4)
where g˜ and A˜ are the pullbacks of the 11-dimensional metric gMN and 3-form A under
the embedding xM = xM(σ) of the M2-brane world-volumeM3 into space-timeM.
The M2-brane tension T3 is given by
T3 =
1
2pi
√
β
. (2.3.5)
In the presence of M2-branes, the action (2.3.4) must be added to the 11-dimensional
action (2.2.10). Since the M2-brane couples to the supergravity fields, it alters their
equations of motion and can, in particular, affect the integrability of eq. (2.2.13) mak-
ing it necessary to take it into account. Re-computing the equation of motion for A
including the contribution from (2.3.4) leads to
d ∗ G = −1
2
G ∧ G− (2pi)4βX8 − 2κ211T3 δ(M3) . (2.3.6)
Here, δ(M3) is an 8-form current associated with the M2-brane world-volume. It is
characterised by the property ∫
M3
w =
∫
M
w ∧ δ(M3) (2.3.7)
for any 3-form w.
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Calabi-Yau five-folds
In this chapter, we develop and present some mathematical background knowledge on
Calabi-Yau five-folds necessary to perform dimensional reductions on these spaces. As
such, this represents the most mathematical chapter (besides the appendices, of course).
It is independent of the rest of the text and is meant to provide a brief yet stand-alone
introduction to the subject of Calabi-Yau manifolds. Readers familiar with the subject
may wish to skip this chapter and instead use it as a reference to look up formulæ.
We will indicate when a result is not only valid for Calabi-Yau five-folds in particular,
but more generally for Calabi-Yau n-folds, where n is the complex dimension of the
Calabi-Yau manifold. Many of the results discussed here can also be found in the
mathematical literature, such as refs. [48, 34].
3.1 Definition and basic properties
A Calabi-Yau n-fold X, with n = dimC X, is defined to be a smooth, compact Ka¨hler
manifold with vanishing first Chern class c1(X) = 0. The requirements of compactness
or smoothness are sometimes given up in some of the physics literature in order to
study generalisations of the strict mathematical concept of a Calabi-Yau manifold.
However, we restrict our attention to the previously stated narrower definition in the
present thesis.
A Ka¨hler manifold X is a Hermitian manifold whose Ka¨hler form J is closed, dJ = 0.
The Ka¨hler form of a Hermitian manifold is defined as J ≡ igµν¯dzµ ∧ dz¯ν¯, where gµν¯ is
a Hermitian metric on X and zµ, µ, ν, . . . = 1, . . . , n, are complex (holomorphic) local
coordinates on X. Our full list of conventions used for complex manifolds can be found
in appendix A.4. (Note, however, that in order to make contact with 11 dimensions, the
notation is slightly changed so that the Hermitian metric is denoted gµν¯ in this chapter
as opposed to Gµν¯ in the appendix.)
It was conjectured by Calabi [49] and later proved by Yau [50] that the condition
c1(X) = 0 is equivalent to the existence of a Ricci-flat metric if X is Ka¨hler. This explains
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the naming of these manifolds. The Calabi-Yau condition is mathematically equivalent
to any one of the statements that the global holonomy group of X is contained in SU(n),
that there exists a (up to a constant) unique nowhere vanishing holomorphic (n, 0)-form
Ω and that there exists a pair of globally defined covariantly constant spinors η and η?
of opposite (same) chirality for n odd (even).
Henceforth, the Ricci-flat metric is denoted by gµν¯. The Ricci-flatness of gµν¯ together
with the existence and properties of Ω imply that Ω is harmonic and covariantly
constant with respect to gµν¯. It is thus locally of the form
Ω =
1
n!
f (z)eµ1 ...µn dz
µ1 ∧ · · · ∧ dzµn , (3.1.1)
with a local holomorphic function f (z) that is non-zero in its respective coordinate
patch. As a consequence, Ω is intimately related to the invariant volume element ΩX
defined in (A.3.16)
ΩX = ∗1 = J
n
n!
=
in(−1) n(n−1)2
||Ω||2 Ω ∧ Ω¯ . (3.1.2)
where we have introduced ||Ω||2 ≡ Ωµ1...µnΩ¯µ1...µn /n!. We remark that locally, ||Ω||2 =
| f (z)|2, which is useful in some computations.
The existence of the covariantly constant spinor η implies that J and Ω can be
expressed as spinor bilinears
Jµν¯ = iη†γµν¯η , Ωµ1...µn = ||Ω||η†γµ1...µnη? , (3.1.3)
where γµ are the curved gamma matrices on X in local holomorphic coordinates and
the index on γµ is raised and lowered using the Ricci-flat metric gµν¯. (Our spinor and
gamma matrix conventions on Calabi-Yau five-folds are summarised in appendix A.2.)
Throughout this thesis, η is assumed to be normalised to unity, that is η†η = 1. The
two expressions in (3.1.3) define an SU(n)-structure on X and are the only two non-
vanishing non-trivial spinor bilinears on X.
In this thesis, dimensional reductions on Calabi-Yau manifolds (specifically, five-
folds) are considered. In order to avoid non-generic cases of reductions, we require
Calabi-Yau manifolds to have a sufficiently large global holonomy group Hol(X) ⊆
SU(n) such that they allow only one out of 2n−1 supersymmetries. This excludes, for
example, spaces such as 2n-tori T2n and direct products of the form CYn−m ×CYm and
CYn−m × T2m, since all of them preserve a larger amount of supersymmetry.
3.2 Why Calabi-Yau?
Before examining the mathematical properties of Calabi-Yau manifolds more thor-
oughly, we first of all stop for a brief detour into why Calabi-Yau manifolds play such
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an important roˆle in string-/M-theory.
Calabi-Yau manifolds, specifically Calabi-Yau three-folds, first entered the physics
literature as a result of investigating [14] how to obtain 4-dimensional effective actions
with a minimal amount of supersymmetry from the 10-dimensional string theories.
The original line of thought of ref. [14] is briefly summarised in this section.
In order to be left with a minimal amount of supersymmetry, that is N = 1,
in 4 dimensions, it is a good idea to start with a theory that has minimal N = 1
supersymmetry in 10 dimensions, which makes the heterotic string a natural candidate.
The massless bosonic modes of the heterotic string are described by the effective action
Shet =
1
2κ210
∫
e−2φ
{
R ∗ 1+ 4 dφ ∧ ∗dφ− 1
2
H˜ ∧ ∗H˜ − α
′
4
Tr (F ∧ ∗F)
}
, (3.2.1)
with metric g, dilaton φ, NS-NS 2-form B, non-Abelian E8 × E8 Yang-Mills 1-form
gauge potential A and corresponding field strengths F = dA and H˜ = dB +CS-terms.
The following three conditions are imposed in order to obtain a phenomenologically
interesting 4-dimensional model. First, the 10-dimensional space-time manifoldM
is factorised such that M = M4 × X with M4 being a 4-dimensional maximally
symmetric Lorentzian manifold and X being a 6-dimensional compact manifold. Being
maximally symmetric,M4 must correspond to either Minkowski spaceM4, de Sitter
space dS4 or anti-de Sitter space AdS4. The second condition is that, 4 out of the 16 local
supersymmetries are left unbroken after the dimensional reduction thereby leaving
local N = 1 supersymmetry in 4 dimensions. The third and final condition is that dφ
and H = dB can be consistently set to zero onM.
The second of these three conditions places the strongest constraints. First, it
implies the vanishing of the 4-dimensional Ricci-scalar R(4) = 0, forcing M4 to be
4-dimensional Minkowski space M4 = M4. Two further necessary conditions for
unbroken N = 1 supersymmetry are a constant dilaton, which is already catered for
by imposing the third condition, and the existence of a covariantly constant spinor η
on X. From the covariant constancy Dmη = 0 of η, an important integrability condition
follows
[Dm, Dn] η =
1
4
R(6)mnpqγpqη = 0 , (3.2.2)
where R(6)mnpq is the Riemann tensor of X. After contracting with γn, this implies R
(6)
mn = 0,
that is X must be Ricci-flat. The covariantly constant spinor η can be used to construct
Jmn = −iη¯γmnη , (3.2.3)
which can be shown to satisfy ∇m Jnp = 0 and Jmn Jn p = −δm p. That means, X is Ka¨hler
with Ka¨hler form J as in (3.2.3) and Hermitian metric g(6)mn satisfying Jm p Jnqg
(6)
pq = g
(6)
mn.
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By Calabi’s theorem, X must therefore be a Calabi-Yau three-fold, or in other words
Hol(X) ⊆ SU(3), in order to satisfy the conditions listed above.
To complete the argument, the third condition also needs to be checked. It can in
fact be satisfied by embedding the spin connection ωm pq of X into the E8 × E8 gauge
group, which is sufficiently large to permit such an embedding. This leaves an E6 × E8
gauge part and therefore amounts to a breaking scheme E8 × E8 → SU(3)× E6 × E8.
The gauge group can be broken down further by other means. Finally, we mention that
the number # f of massless fermion generations is related to the Euler number η(X) of
X by # f = |η(X)|/2, which is an example of the important class of physical quantities
that are determined by purely topological properties of the internal manifold.
3.3 Calabi-Yau topology
For complex manifolds, the (n + 1)2 Hodge numbers hp,q(X), defined as the complex
dimension of the (p, q)-th ∂¯-cohomology group (see appendix A.4), are conventionally
arranged into the so-called Hodge diamond
h0,0
h1,0 h0,1
. . . h1,1
. . .
hi,0 . .
. . . . h0,i
. . . . . . . . . . . .
hn,0
...
...
... h0,n
. . . . . . . . . . . .
hn,n−i . . . . . . hn−i,n
. . . hn−1,n−1 . . .
hn,n−1 hn−1,n
hn,n
(3.3.1)
In specialising consecutively to Hermitian, Ka¨hler and Calabi-Yau manifolds not all
of the (n + 1)2 Hodge numbers remain independent. Due to eq. (A.4.23), hp,q(X) =
hn−p,n−q(X) on a Hermitian manifold. This reduces the number of independent Hodge
numbers to d(n + 1)2/2e, that is (n + 1)2/2 for n odd and (n + 1)2/2+ 1/2 for n even.
For Ka¨hler manifolds, also eq. (A.4.24) holds. Together with the previous result, this
implies hp,q(X) = hq,p(X) for Ka¨hler manifolds and the number of independent Hodge
numbers is reduced to [n(n + 4) + 3]/4 for n odd and [n(n + 4) + 4]/4 for n even. A
Calabi-Yau manifold with the restriction on the holonomy group described in the last
paragraph of section 3.1 does not possess any continuous isometries, which translates
into h0,1(X) = h1,0(X) = 0. In addition, the existence of the unique holomorphic
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(n, 0)-form Ω implies hn,0(X) = h0,n(X) = h0,0(X) = hn,n(X) = 1 as well as another
duality of the form hp,0(X) = h0,n−p(X) since the contraction of a harmonic (p, 0)-form
with Ω¯ yields a harmonic (0, n− p)-form. This reduces the Hodge numbers by a further
(n + 1). Thus, for n odd there are (n2 − 1)/4 and for n even there are n2/4 a priori
independent Hodge numbers and the top left quadrant of the Hodge diamond for
Calabi-Yau manifolds becomes
1
0
. . . h1,1
. . . . . .
. . . . . . h2,2
0 . .
. . . .
...
1 hn−1,1 hn−2,2 · · · ·:
(3.3.2)
Only the top left quadrant is shown here, since the Hodge diamond for Calabi-Yau
manifolds is symmetric about the vertical and horizontal axes. In particular, the Hodge
diamond of Calabi-Yau five-folds reads
1
0 0
0 h1,1 0
0 h2,1 h2,1 0
0 h3,1 h2,2 h3,1 0
1 h4,1 h3,2 h3,2 h4,1 1
0 h3,1 h2,2 h3,1 0
0 h2,1 h2,1 0
0 h1,1 0
0 0
1
(3.3.3)
with a priori six independent Hodge numbers. In fact, there is one more relation
11h1,1 − 10h2,1 + 10h3,1 − 11h4,1 − h2,2 + h3,2 = 0 , (3.3.4)
which can be derived by an index theorem calculation using the Calabi-Yau condition
c1(X) = 0. Hence, Calabi-Yau five-folds are characterised by five rather than six
independent Hodge numbers. An analogous relation also holds for Calabi-Yau four-
folds [51].
Other relevant topological invariants of Calabi-Yau manifolds, apart from the Hodge
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numbers hp,q(X) and the Euler number
η(X) ≡
2n
∑
i=0
(−1)ibi(X) =
2n
∑
i=0
(−1)i ∑
p+q=i
hp,q(X) , (3.3.5)
are the Chern classes ci(X), the intersection numbers di1 ...in of n 2-cycles and various
other intersection numbers, which will be introduced later.
3.4 Calabi-Yau five-fold complex geometry
Henceforth, we concentrate on the case n = 5, that is Calabi-Yau five-folds. Our
conventions for complex differential forms and some general results from complex
geometry are summarised in appendix A.4.
By straightforward but in part somewhat tedious component calculations, the
Hodge-star of (p, q)-forms can be expressed in terms of the Ka¨hler form J and the map
˜(·) defined in (A.4.25). In general, on a Hermitian manifold of complex dimension five,
one finds
(0, 1) : ∗ζ = i
4!
J4 ∧ ζ, (1, 1) : ∗ω = − 1
3!
J3 ∧ω− i
4!
J4 ∧ ω˜,
(2, 1) : ∗ν = i
2
J2 ∧ ν+ 1
3!
J3 ∧ ν˜, (3, 1) : ∗v = −J ∧v− i
2
J2 ∧ v˜,
(4, 1) : ∗χ = iχ+ J ∧ χ˜, (2, 2) : ∗σ = J ∧ σ− i
2
J2 ∧ σ˜+ 1
12
J3 ∧ ˜˜σ,
(3, 2) : ∗ω = −iω− J ∧ ω˜− i
12
J2 ∧ ˜˜ω.
(3.4.1)
Note the pattern for the (p, 1)-forms: the second term in the (p, 1)-expression is minus
the first term in the (p− 1, 1)-expression, with the forms being replaced according to
ω˜(p,1) → ω(p−1,1).
The above equations simplify for harmonic (p, q)-forms on a Calabi-Yau five-fold
X. First, we recall that Calabi-Yau five-folds have vanishing Hodge numbers hp,0(X) =
h0,p(X) for p = 1, . . . , 4. This means non-zero harmonic (p, 0)- and (0, p)- forms do not
exist for p = 1, . . . , 4 and consequently ω˜(p,1) = ω˜(1,p) = 0 for harmonic (p, 1)- and
(1, p)-forms with p > 1. Moreover, a harmonic (0, 0)-form is a constant and hence,
ω˜ = const. for a harmonic (1, 1)-form ω. The value of the constant is determined
in eq. (A.4.31). Combining these facts with the formulæ (3.4.1), one finds for the
Hodge-star of harmonic (p, q)-forms on a Calabi-Yau five-fold X
(1, 1) : ∗ω = − 1
3!
J3 ∧ω− i
4!
ω˜ J4,
(2, 1) : ∗ν = i
2
J2 ∧ ν,
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(3, 1) : ∗v = −J ∧v, (2, 2) : ∗σ = J ∧ σ− i
2
J2 ∧ σ˜+ 1
12
˜˜σJ3,
(4, 1) : ∗χ = iχ, (3, 2) : ∗φ = −iφ− J ∧ φ˜ , (3.4.2)
where we should keep in mind that ω˜ and ˜˜σ are constants, σ˜ is a harmonic (1, 1)-
form and φ˜ is a harmonic (2, 1)-form. Using the κ-map defined in (A.4.28) and the
result (A.4.31), we can write the Hodge-star of a (1, 1)-form ω as
∗ω = − 1
3!
J3 ∧ω+ 5
4!
κ(ω, J, . . . , J)
κ(J, . . . , J)
J4 . (3.4.3)
A further useful relation for a Hodge-star is
∗(σ ∧ J2) = ˜˜σJ − 2iσ˜ , (3.4.4)
where σ is a (2, 2)-form. In the next section, we will use this relation to explicitly
compute σ˜ and ˜˜σ, but before that we briefly turn to the covariantly constant spinor η
on X.
As mentioned in section 3.1, on a Calabi-Yau five-fold X we have a spinor η, unique
up to normalisation, which is invariant under the holonomy group Hol(X). This means
η is covariantly constant with respect to the Levi-Civita connection associated to the
Ricci-flat metric gµν¯. Our conventions are such that η has positive and η? negative
chirality, that is
γ(11)η = η , γ(11)η? = −η? , (3.4.5)
where the 10-dimensional chirality operator γ(11) is defined in (A.2.14). Moreover, we
normalize η such that
η†η = 1 . (3.4.6)
A consequence of (3.4.5) is that
ηTη = 0 , (3.4.7)
which follows by inserting (γ(11))2 = 1 and using (γ(11))T = −γ(11). The spinor η
satisfies a very important annihilation condition
γµ¯η = 0 , (3.4.8)
which follows from eq. (3.1.3), the definition of J and the Clifford algebra (A.2.15) by
direct calculation [48]
igµν¯ = Jµν¯ = iη†γµν¯η = iη†
(−γν¯γµ + gµν¯) η (3.4.9)
⇒ 0 = η†γν¯γµη = (γνη)†(γµη) . (3.4.10)
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The case µ = ν then implies eq. (3.4.8). The spinor η is thus annihilated by half of
the gamma matrices. The γµ with holomorphic (or unbarred) indices may be viewed
as fermionic creation operators producing spinors on X when acting on the Clifford
vacuum η. A general spinor ψ on X can be decomposed according to [52]
ψ = ω(0,0)η +ω(1,0)µ1 γ
µ1η + . . . +ω(n,0)µ1...µnγ
µ1...µnη , (3.4.11)
where the coefficient functions ω(p,0)µ1 ...µp are (p, 0)-forms written in component notation.
For ψ to be a zero mode of the Dirac operator 6∇ ≡ γµ∇µ+ γµ¯∇µ¯, the forms ω(p,0) need
to be harmonic. Finally, it can be shown that η satisfies the Fierz identity [53, 24]
η?ηT = − 1
32
gµν¯γµν¯ , (3.4.12)
where eq. (3.4.8) has been used to simplify the right hand side. The Fierz identity will
be useful in the chapter on dimensional reduction.
3.5 Calabi-Yau five-fold deformations and moduli spaces
For Calabi-Yau three-folds, the moduli space of Ricci-flat metrics is (locally) a direct
product of a Ka¨hler and a complex structure moduli space associated to harmonic (1, 1)-
and (1, 2)-forms, respectively [54]. More generally, a Ricci-flat metric on X is uniquely
specified by fixing the two distinct forms J and Ω. In other words, the moduli space
factors (at least locally and assuming h2,0(X) = 0) into the space of Ka¨hler (δJ) and
complex structure (δΩ) deformations, which are associated with harmonic (1, 1)-forms
and harmonic (1, n− 1)-forms, respectively. This is not true for the only Calabi-Yau
two-fold called K3, since h2,0(K3) = 1 [55].
Thus, the metric deformations on a Calabi-Yau five-fold X are described by Ka¨hler
moduli of type (1, 1) and complex structure moduli of type (1, 4). As we discussed
in section 3.3, there are many more harmonic forms on X. While those harmonic
forms are unrelated to metric deformations, they nonetheless play a roˆle in M-theory
compactifications and are hence also studied in this section.
To begin, it is useful to introduce sets of harmonic basis forms for these cohomolo-
gies as follows
H1,1(X) : {ωi}i=1,...,h1,1(X), (3.5.1)
H2,1(X) : {νp}p=1,...,h2,1(X), (3.5.2)
H1,3(X) : {vx}x=1,...,h1,3(X), (3.5.3)
H2,2(X) : {σe}e=1,...,h2,2(X), (3.5.4)
H1,4(X) : {χa}a=1,...,h1,4(X), (3.5.5)
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with ωi and σe being real and all other forms being complex. These forms can be used
to construct various intersection numbers
di1 ...i5 =
∫
X ωi1 ∧ · · · ∧ωi5 , dpq¯ij =
∫
X νp ∧ ν¯q¯ ∧ωi ∧ωj,
deijk =
∫
X σe ∧ωi ∧ωj ∧ωk, dpq¯e =
∫
X νp ∧ ν¯q¯ ∧ σe,
de f i =
∫
X σe ∧ σf ∧ωi, dxy¯i =
∫
X vx ∧ v¯y¯ ∧ωi.
(3.5.6)
which will play a roˆle later on. The term intersection number is a slight misnomer in
this context, as all of these integrals, except di1 ...i5 , in general depend on the complex
structure (due to the use of complex (p, q)-forms) and thus do not represent topological
invariants.
We begin with the metric moduli. The basic requirement is that a variation
gmn → g′mn = gmn + δgmn (3.5.7)
of the metric leaves the Ricci tensor zero at linear order in δgmn so as to stay in the realm
of Calabi-Yau five-folds. Here, m, n, . . . = 1, . . . , 10 are real indices on X. Complexifying
this expression, reveals that the (1, 1) part of δgmn can be expanded in terms of harmonic
(1, 1)-forms, while the (2, 0) and (0, 2) parts can be expressed in terms of harmonic
(1, 4)-forms. Explicitly, one has
δgµν¯ = −iwi,µν¯δti , δgµν = − 24!||Ω||2Ωµ
ρ¯1...ρ¯4χa,νρ¯1...ρ¯4δz
a , (3.5.8)
with the variations δti, i, j, . . . = 1, . . . , h1,1(X), and δza, a, b, . . . = 1, . . . , h1,4(X), being
elements of the Ka¨hler and complex structure moduli space, respectively. The standard
moduli space metric on the space of metric deformations is defined by
G(δgmp, δ˜gnq) ≡
1
4V
∫
X
d10x
√
g gmngpqδgmpδ˜gnq . (3.5.9)
Here, V denotes the volume of X defined in (A.3.17). This metric splits into a Ka¨hler
and a complex structure part which can be worked out separately.
Let us first discuss the Ka¨hler deformations. A straightforward calculation, inserting
the first eq. (3.5.8), shows that
G(1,1)ij (t) =
1
2V
∫
X
ωi ∧ ∗ωj . (3.5.10)
Using (3.4.3), this can be written in terms of topological integrals which involve J and
the forms ωi. Then, defining the Ka¨hler moduli ti by
J = tiωi , (3.5.11)
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one finds
G(1,1)ij (t) = −10
κij
κ
+
25
2
κiκj
κ2
, (3.5.12)
where we have introduced a shorthand notation for the κ-map defined in (A.4.28) with
recurring arguments
κ ≡ κ(J, . . . , J) = 5! V = di1 ...i5 ti1 . . . ti5 , (3.5.13)
κi ≡ κ(ωi, J, . . . , J) = dii2 ...i5 ti2 . . . ti5 , (3.5.14)
κij ≡ κ(ωi,ωj, J, J, J) = diji1i2i3 ti1 ti2 ti3 , (3.5.15)
...
κi1 ...i5 ≡ κ(ωi1 , . . . ,ωi5) = di1 ...i5 . (3.5.16)
The intersection number di1 ...i5 has been defined in (3.5.6). Note that from eq. (3.5.11),
one has κ = κiti = κijtitj and so on. With this notation, for example
ω˜i = 5i
κi
κ
. (3.5.17)
It is easy to check that the above moduli space metric (3.5.12) can be obtained from a
“Ka¨hler potential” K(1,1) as
G(1,1)ij = ∂i∂jK(1,1) , (3.5.18)
where K(1,1) ≡ −(ln κ)/2. We can use the moduli space metric to define lower index
moduli ti via ti ≡ G(1,1)ij tj. From the explicit form (3.5.12) of the metric, it is easy to
verify the useful relation
ti =
5κi
2κ
= − i
2
ω˜i . (3.5.19)
A further useful observation is related to “metrics” of the form
G˜ij ≡ G(1,1)ij + c
κiκj
κ2
(3.5.20)
for any real number c. A short calculation, using eq. (3.5.19) and κiti = κ repeatedly,
shows that
G˜ij
(
G(1,1)jk + c˜κ
jκk
κ2
)
= δki +
(
c + c˜ +
2
5
cc˜
)
κiκ
k
κ2
, (3.5.21)
where c˜ is an arbitrary real number. Here, the standard moduli space metric G(1,1)ij and
its inverse G(1,1)ij have been used to lower and raise indices. The above relation shows
that for all c 6= −5/2, the metric (3.5.20) is invertible and that its inverse is given by
G˜ ij = G(1,1)jk + c˜κ
jκk
κ2
, c˜ = − 5c
5+ 2c
. (3.5.22)
These relations will be helpful in section 5.5.2.
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In summary, the Ka¨hler moduli space for Calabi-Yau five-folds can be treated in
complete analogy with the one for Calabi-Yau three-folds. The main difference is that
the moduli space metric is now governed by a quintic pre-potential κ instead of a cubic
one for three-folds.
We now move on to the complex structure moduli. Evaluating the standard moduli
space metric (3.5.9) for the (2, 0) variation of the metric in (3.5.8), one finds
G(1,4)ab¯ =
1
V||Ω||2
∫
X
χa ∧ ∗χ¯b¯ . (3.5.23)
Using the result in (3.4.2) for the Hodge dual of (4, 1)-forms together with eq. (3.1.2)
then leads to the standard result
G(1,4)ab¯ (z, z¯) =
∫
X χa ∧ χ¯b¯∫
X Ω ∧ Ω¯
. (3.5.24)
Under an infinitesimal variation of the complex structure, the holomorphic and anti-
holomorphic differentials dzµ and dz¯µ¯ mix linearly with each other, ∂∂za dz
µ = σaνµdzν +
ρaν¯
µdz¯ν¯ (Note that the complex structure moduli za should not be confused with the
local holomorphic coordinates zµ on X. They are distinguished by the different types
of indices). Therefore, a (p, q)-form mixes only with (p ± 1, q ∓ 1)-forms under an
infinitesimal variation of the complex structure [56]
∂
∂za
ω(p,q) = η(p,q) + η(p−1,q+1) + η(p+1,q−1) . (3.5.25)
Closedness of a differential form is preserved under an infinitesimal variation of
the complex structure, since the exterior derivative d is independent of the complex
structure moduli za, that is [d, ∂∂za ] = 0. For the case of the holomorphic (5, 0)-form Ω,
this implies Kodaira’s relation
∂
∂za
Ω¯ = kaΩ¯+ χa , (3.5.26)
where, as before, χa ∈ H1,4(X) and ka may depend on the complex structure moduli za
but not on the coordinates zµ of X. This is exactly analogous to the case of Calabi-Yau
three-folds [54, 57, 52] and Calabi-Yau four-folds [17]. Kodaira’s relation implies, via
direct differentiation, that the moduli space metric (3.5.24) can be obtained from the
Ka¨hler potential K(1,4) as
G(1,4)ab¯ = ∂a∂b¯K(1,4) , (3.5.27)
where ∂a ≡ ∂/∂za, ∂b¯ ≡ ∂/∂z¯b¯ and K(1,4) ≡ ln
[
i
∫
X Ω ∧ Ω¯
]
. The Ka¨hler potential K(1,4)
also serves to determine the function ka in Kodaira’s relation, namely ka = −∂aK(1,4).
In order to express K(1,4) more explicitly in terms of moduli, we introduce a symplectic
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basis (AA, BB) of 5-cycles and a dual basis (αA, βB) of 5-forms satisfying∫
AB
αA =
∫
X
αA ∧ βB = δBA ,
∫
BA
βB =
∫
X
βB ∧ αA = −δBA . (3.5.28)
Then, the period integrals are defined in the usual way as
ZA ≡
∫
AA
Ω , GA ≡
∫
BA
Ω . (3.5.29)
and the periods GA can be shown to be functions of ZA, just as in the three-fold
case. In the dual basis (αA, βB), the holomorphic (5, 0)-form Ω can then be expanded
as Ω = ZAαA − GAβA and inserting this into the expression (3.5.27) for the Ka¨hler
potential yields
K(1,4) = ln
[
i(GAZ¯A −ZAG¯A)
]
. (3.5.30)
By virtue of Kodaira’s relation (3.5.26),
∫
X Ω ∧ ∂Ω∂ZA = 0 which immediately leads to
GA = 12 ∂∂ZA (GBZB). Hence, the periods GA can be obtained as derivatives
GA = ∂G
∂ZA (3.5.31)
of a pre-potential G which is homogeneous of degree two in the projective coordinates
ZA. This is formally very similar to the Calabi-Yau three-fold case. However, an
important difference is that the 5-forms here contain not only (5, 0), (0, 5), (4, 1) and
(1, 4) pieces but also (3, 2) and (2, 3) parts. That is, A,B, . . . = 0, 1, . . . , h1,4 + h2,3. As
a consequence, the periods ZA do not simply serve as projective coordinates on the
complex structure moduli space, though they can in principle be computed as functions
of the za. However, their vast redundancy renders them much less useful as compared
to the three-fold case.
In the expression (3.4.2) for the Hodge-star of a harmonic (2, 2)-form σe, the contrac-
tions σ˜e and ˜˜σe appear. We are now in a position to explicitly compute these contractions.
First, we note that the harmonicity of σe implies that σ˜e is a harmonic (1, 1)-form (see
eqs. (A.4.26) and (A.4.27)) and can therefore be expanded in terms of the basis of
harmonic (1, 1)-forms ωi
σ˜e = i kieωi , (3.5.32)
with some coefficients kie, which generally depend on the Ka¨hler moduli ti. Applying
one more contraction and using eq. (3.5.17), we learn that
˜˜σe = −5
κ
kieκi . (3.5.33)
We can determine all the contractions of harmonic (2, 2)-forms if we are able to compute
the coefficients kie. This can be accomplished by multiplying eq. (3.4.4) with ωj and
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integrating over the Calabi-Yau five-fold X. This results in
kie =
1
4V
(
G(1,1)ij − 25
6
κiκ j
κ2
)
dejkltktl , (3.5.34)
where G(1,1)ij is the inverse of G(1,1)ij .
3.5.1 Real vs. complex forms
For later chapters, it will be useful to know how to treat the (2, 1)- and (1, 3)-forms as
real 3- and 4-forms,1 respectively, and to know how they are related to each other. This
is advantageous since the real forms are topological and in particular do not depend
on the complex structure moduli.
Real harmonic 3-forms are naturally locked to 3-cycles and are thus topologically
invariant. The fact that h3,0(X) = 0 for Calabi-Yau five-folds ensures that a real 3-form
is exclusively made up of a (2, 1)- and a (1, 2)-piece. However, the way in which a
particular 3-form is split into (2, 1)- and (1, 2)-parts evidently depends on the choice of
complex structure. We can parametrically represent this fact by introducing complex
structure dependent linear maps A and B from real 3-forms to complex (2, 1)-forms
and vice versa.
For fixed bases, the linear maps have a matrix representation according to
νp = ApQNQ (and: ν¯p¯ = A¯p¯QNQ) , (3.5.35)
NP = BP qνq + B¯P q¯ν¯q¯ , (3.5.36)
where {NP}P=1,...,b3(X) is a real basis of H3(X) and {νp}p=1,...,h2,1(X) is a basis of H2,1(X).
To avoid confusion with symbols defined elsewhere, we use Fraktur font letters to
denote maps translating between real and complex forms and calligraphic letters
for real form indices. Note that ApQ and BP q are complex and have dependence
Ap
Q = ApQ(z, z¯), BP q = BP q(z, z¯), where za and z¯a¯ are the complex structure moduli
of the Calabi-Yau five-fold. The equations above have two faces, for they can either be
written in local real 10-dimensional coordinates or in local holomorphic coordinates.
For example, eq. (3.5.36) in real coordinates is
NP ,m1m2m3 = BP
qνq,m1m2m3 + B¯P
q¯ν¯q¯,m1m2m3 , (3.5.37)
whereas in local holomorphic coordinates it reads
NP ,µ1µ2 ν¯ = BP
qνq,µ1µ2ν¯ , (and c.c.) , (3.5.38)
1All differential forms occurring in this subsection are henceforth implicitly assumed to be harmonic.
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where forms with unnatural index types are to be translated manually using eq. (A.4.1).
Inserting eq. (3.5.35) into eq. (3.5.36) and vice versa, we learn relations between the A
and B maps
Ap
QBQq = δpq (and c.c.) , (3.5.39)
Ap
QB¯Q q¯ = 0 (and c.c.) , (3.5.40)
BP qAqQ + B¯P q¯A¯q¯Q = δPQ . (3.5.41)
For the complex structure dependence, one finds
∂aNP = 0 , ∂aνp = ApQ,aBQqνq +ApQ,aB¯Q q¯ν¯q¯ , (3.5.42)
∂a¯NP = 0 , ∂a¯νp = ApQ,a¯BQqνq +ApQ,a¯B¯Q q¯ν¯q¯ . (3.5.43)
Using eqs. (3.5.35)-(3.5.36) and eq. (3.4.2), one can compute the Hodge star of the real
3-form NP
∗NP = 12JP
QNQ ∧ J2 , (3.5.44)
where JPQ ≡ i(BP qAqQ − B¯P q¯A¯q¯Q). The linear map J provides a complex structure
on the moduli space of real 3-forms induced by the complex structure of the Calabi-Yau
five-fold itself. It satisfies (cf. appendix A.4)
JPQJQR = −δPR , (JPQ)∗ = JPQ , trJ = 0 . (3.5.45)
Using the complex structure J , we define projection operators
P±PQ ≡ 12 (1 ∓ iJ )P
Q (3.5.46)
satisfying
P±PQP±QR = P±PR , P+PQP−QR = P−PQP+QR = 0 , (P±PQ)∗ = P∓PQ .
(3.5.47)
In terms of the A and B maps, they are explicitly given by
P+PQ = BP qAqQ , P−PQ = B¯P q¯A¯q¯Q . (3.5.48)
The standard metric on the moduli space of real 3-forms is
G(3)PQ =
∫
X
NP ∧ ∗NQ . (3.5.49)
Using the expression for the Hodge-star (3.5.44), we can rewrite this so as to make the
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dependence on the moduli more explicit
G(3)PQ(t, z, z¯) =
1
2
J(P RdQ)Rijtitj , (3.5.50)
where we have defined a new intersection number dPQij ≡
∫
X NP ∧ NQ ∧ ωi ∧ ωj,
which is purely topological. Note that dPQij = −dQP ij. The metric anti-commutes with
the complex structure
JPQG(3)QR + G(3)PQJRQ = 0 , (3.5.51)
which, in fact, becomes a Hermiticity condition on the metric G(3)
G(3)PQ = JPRJQSG(3)RS . (3.5.52)
Thus, the 3-form moduli space is a Hermitian manifold with G(3) being a Hermitian
metric.
A real 4-form, which is topologically invariant, can be decomposed into the sum of
(1, 3)-, (3, 1)- and (2, 2)-forms using the complex structure of the Calabi-Yau five-fold
X. In the same spirit as for the 3-forms, we introduce linear maps C, D, E and F to
translate between real 4-forms and their (1, 3)-, (3, 1)- and (2, 2)-pieces
vx = CxXOX (and: v¯x¯ = C¯x¯XOX ) , (3.5.53)
σe = EeXOX , (3.5.54)
OX = DX xvx + D¯X x¯v¯x¯ + FX eσe , (3.5.55)
where {vx} is a basis of H1,3(X), whereas {σe} and {OX } are real bases of H2,2(X) and
H4(X), respectively. Unlike C and D, E and F are real. All linear maps C, D, E and F a
priori depend on the complex structure moduli za and z¯a¯. By consecutively inserting
eqs. (3.5.53)-(3.5.55) into each other, we learn relations among the linear maps
Cx
XDX y = δxy , C¯x¯X D¯X y¯ = δx¯ y¯ , EeXFX f = δe f , (3.5.56)
Cx
X D¯X y¯ = CxXFX e = EeXDX x = 0 , (and c.c.) , (3.5.57)
DX xCxY + D¯X x¯C¯x¯Y + FX eEeY = δX Y . (3.5.58)
The wedge product of two harmonic (1, 1)-forms is a harmonic (2, 2)-form. For the
purpose of this thesis, we will restrict attention to the case where all (2, 2)-forms are
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obtained by wedging together two (1, 1)-forms, that is we require2
H2,2(X) = H1,1(X) ∧ H1,1(X) . (3.5.59)
All explicit examples of Calabi-Yau five-folds presented in this thesis satisfy eq. (3.5.59).
The significance of this restriction is that, since the (1, 1)-forms (being naturally locked
to 2-cycles) are independent of the complex structure, so are the (2, 2)-forms if they
are entirely generated by the square of (1, 1)-forms. This implies that σe, EeX and FX e
are all independent of the complex structure moduli (and of any other moduli, in fact).
Since the left hand side and the last term on the right hand side of eq. (3.5.55) are
independent of the complex structure, the same must be true for the sum of the first
two terms on the right hand side. This observation allows us to treat the (1, 3) and
(3, 1) part together in a complex structure independent way.
Let us now choose the basis {OX } such that the first 2 h1,3(X) indices lie in the
(1, 3) + (3, 1) directions and the remaining indices lie in the (2, 2) direction, that is we
divide the index range X = (Xˆ , X˜ ), where Xˆ = 1, . . . , 2h1,3(X) and X˜ = 1, . . . , h2,2(X).
This rearrangement is also independent of the complex structure. Eqs. (3.5.53)-(3.5.55)
then become
vx = CxXˆOXˆ (and: v¯x¯ = C¯x¯
XˆOXˆ ) , (3.5.60)
σe = EeX˜OX˜ , (3.5.61)
OXˆ = DXˆ
xvx + D¯Xˆ
x¯v¯x¯, OX˜ = FX˜
eσe , (3.5.62)
where OXˆ , OX˜ , FX˜
e, EeX˜ and σe are independent of the complex structure moduli za,
whereas all other objects are dependent on them. Instead of eqs. (3.5.56)-(3.5.58) we
have
Cx
XˆDXˆ
y = δxy , C¯x¯Xˆ D¯Xˆ
y¯ = δx¯ y¯ , EeX˜FX˜
f = δe f , (3.5.63)
Cx
Xˆ D¯Xˆ
y¯ = 0 , (and c.c.) , (3.5.64)
DXˆ
xCx
Yˆ + D¯Xˆ
x¯C¯x¯
Yˆ = δXˆ
Yˆ , FX˜
eEe
Y˜ = δX˜
Y˜ . (3.5.65)
The relations between CxXˆ , DXˆ
y, OXˆ and vx are very similar to the relations between
Ap
P , BP q, NP and νp for the 3-form case discussed above. The complex structure
dependence in the (1, 3)-sector is parametrised by CxXˆ and DXˆ
y
∂aOXˆ = 0 , ∂avx = Cx
Yˆ
,aDYˆ
yvy + CxYˆ ,aD¯Yˆ
y¯v¯y¯ , (3.5.66)
2In the Calabi-Yau four-fold literature, the right hand side of eq. (3.5.59) is often referred to as
the vertical part, denoted H2,2V , of H
2,2 (see, for example, ref. [17]). The total space H2,2 is given by
H2,2 = H2,2V ⊕ H2,2H , where H2,2H comprises all (2, 2)-forms that can not be obtained by the product of two
(1, 1)-forms. In this terminology, we are considering Calabi-Yau five-folds X for which H2,2(X) = H2,2V (X)
and H2,2H (X) = 0.
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∂a¯OXˆ = 0 , ∂a¯vx = Cx
Yˆ
,a¯DYˆ
yvy + CxYˆ ,a¯D¯Yˆ
y¯v¯y¯ . (3.5.67)
Using eqs. (3.5.60), (3.5.62) and (3.4.2), one can compute the Hodge star of the real
4-form OXˆ
∗OXˆ = −OXˆ ∧ J . (3.5.68)
Whenever we use the forms OXˆ to describe (1, 3)- and (3, 1)-forms we will refer to it
as the 4ˆ-form formulation. The standard metric on the moduli space of real 4ˆ-forms is
given by
G(4ˆ)Xˆ Yˆ =
∫
X
OXˆ ∧ ∗OYˆ . (3.5.69)
Using the expression for the Hodge star (3.5.68), we can rewrite this so as to make the
dependence on the moduli more explicit
G(4ˆ)Xˆ Yˆ (t) = −dXˆ Yˆ iti , (3.5.70)
where we have defined a new intersection number dXˆ Yˆ i ≡
∫
X OXˆ ∧OYˆ ∧ωi, which is
purely topological. Note that dXˆ Yˆ i = dYˆ Xˆ i.
Similarly to the 3-form case, there is a complex structure JXˆ Yˆ on the 4ˆ-form moduli
space inherited from the complex structure of the Calabi-Yau five-fold and given by
JXˆ Yˆ ≡ i(DXˆ xCxYˆ − D¯Xˆ x¯C¯x¯Yˆ ) . (3.5.71)
It satisfies relations (3.5.45) with indices adjusted appropriately. The projection opera-
tors are
P±Xˆ
Yˆ ≡ 1
2
(1 ∓ iJ )Xˆ Yˆ , (3.5.72)
which satisfy eq. (3.5.47) and are explicitly given by
P+Xˆ
Yˆ = DXˆ
yCy
Yˆ , P−Xˆ
Yˆ = D¯Xˆ
y¯C¯y¯
Yˆ . (3.5.73)
Note, however, that unlike in the 3-form case, the standard 4ˆ-form metric (3.5.69) is not
Hermitian with respect to the complex structure JXˆ Yˆ .
3.6 Examples of Calabi-Yau five-folds
When studying a new type of mathematical entity, it is of utmost importance to assure
oneself that one is not dealing with an empty set. The simplest way to achieve this is
to find some explicit examples, in this case of Calabi-Yau five-folds. Of course, this
only establishes mathematical existence. In addition, M-theory places some further
restrictions on potential compactification manifolds. In a second step, one thus needs to
check whether the constructed examples provide suitable backgrounds for performing
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M-theory reductions. This is the matter of sections 5.1 and 5.5.1. Here, however, we start
first of all by summarising some well-known mathematical constructions of Calabi-Yau
manifolds, specialised to the case of five-folds. These constructions have first been
accomplished for Calabi-Yau three-folds [57–60, 14] and four-folds [51, 15, 61, 62].
3.6.1 Complete intersections in products of projective spaces
Arguably, the simplest constructions of explicit Calabi-Yau manifolds are the so-called
complete intersection Calabi-Yau manifolds (CICYs). In order to define them, we first
need the notion of a complex projective space Pn of complex dimension n, which is the
space of complex lines in Cn+1
Pn ≡ {zµ ∈ Cn+1\{0}}/{zµ ∼ λzµ, λ ∈ C∗} , (3.6.1)
whereC∗ ≡ C\{0} and zµ are homogeneous coordinates onPn. The complex projective
space Pn is a Ka¨hler manifold and can also be written as Pn = S2n+1/ U(1). The Hodge
numbers of Pn are hp,q(Pn) = 1 for p = q (p, q = 0, . . . , n) and zero otherwise. The zero
locus of a holomorphic polynomial p(zµ) of homogeneous degree q,
p(zµ) = 0 , (3.6.2)
defines a complex co-dimension one hypersurface in Pn. We recall that a polynomial
p(zµ) is called homogeneous of degree q if it satisfies p(λzµ) = λq p(zµ). The hypersur-
face inherits both the complex structure and the Ka¨hlerity property from the embedding
space.
CICYs are embedded in an ambient space A consisting of one or more complex
projective spaces of various dimensions
A ≡
m⊗
r=1
Pnr , (3.6.3)
which is also Ka¨hler and dimCA = ∑mr=1 nr. Each Pnr in (3.6.3) has its own closed
Ka¨hler form Jr and we choose a normalisation of the form∫
Pnr
Jnrr = 1 . (3.6.4)
A CICY manifold X is defined as the intersection of K hypersurfaces in the ambient
space A such that the resulting space is a smooth complex co-dimension K manifold
and such that each hypersurface is given by the zero locus of a holomorphic polynomial
pα(z
µ(1)
(1) , . . . , z
µ(m)
(m) ) = 0, α = 1, . . . , K, of homogeneous degree q
r
α in the coordinates z
µ(r)
(r)
of the r-th factor Pnr in A.
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A family of CICYs is specified by the non-negative integers nr and qrα, where
r = 1, . . . , m and α = 1, . . . , K. This is conventionally arranged into a configuration
matrix [n|q]
[n|q] ≡

n1
...
nm
∣∣∣∣∣∣∣∣
q11 . . . q
1
K
...
. . .
...
qm1 . . . q
m
K
 . (3.6.5)
The most famous CICY is undoubtedly the Calabi-Yau three-fold [4|5], known as
the quintic in P4 since it is given by the zero locus of a holomorphic polynomial of
homogeneous degree 5 in P4. Here, however, we are interested in Calabi-Yau five-folds,
which means we restrict to configuration matrices that satisfy
K =
m
∑
r=1
nr − 5 . (3.6.6)
In that case, the analogue of the quintic in P4 is the septic in P6 denoted [6|7], which
is defined by the zero locus of a holomorphic polynomial of homogeneous degree 7
in P6. In order to get acquainted with the notation of configuration matrices consider
the example (which is the 5-dimensional cousin of the famous 3-dimensional Tian-Yau
manifold [63]) [
4
4
∣∣∣∣∣ 4 0 10 4 1
]
, (3.6.7)
which corresponds to three polynomials of the form
fµ(1)ν(1)ρ(1)σ(1)z
µ(1)
(1) z
ν(1)
(1) z
ρ(1)
(1) z
σ(1)
(1) = 0 , (3.6.8)
gµ(2)ν(2)ρ(2)σ(2)z
µ(2)
(2) z
ν(2)
(2) z
ρ(2)
(2) z
σ(2)
(2) = 0 , (3.6.9)
hµ(1)ν(2)z
µ(1)
(1) z
ν(2)
(2) = 0 , (3.6.10)
embedded in P4 ×P4 and with unspecified coefficient tuples f , g and h. The further
analysis will not depend on the precise choice of coefficients in the polynomials. We
will therefore not distinguish between the class defined by [n|q] and its representatives
X ∈ [n|q].
By definition, CICYs are smooth complex manifolds. They are also compact, since
they are submanifolds of A and each factor Pnr = S2nr+1/ U(1) is compact, and they
are Ka¨hler, which follows by restricting the closed Ka¨hler forms Jr to the hypersurface
in the Ka¨hler manifoldPnr . However, we have not yet checked, whether the so obtained
manifolds are also Calabi-Yau. A rather amazing mathematical result is that for CICYs
the Calabi-Yau condition, c1(X) = 0, translates into an algebraic constraint on the
entries nr and qrα of the configuration matrix [n|q]. In general, the i-th Chern class
ci([n|q]) of a CICY [n|q] only depends on the non-negative integers nr and qrα and the
Ka¨hler forms Jr of the ambient Pnr s. The details of the derivation of this result are
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presented in appendix B.2. Here, we only quote the final result. For CICY five-folds,
the first five Chern classes are relevant. We start with the first Chern class c1([n|q])
c1([n|q]) =
m
∑
r=1
[
nr + 1−
K
∑
α=1
qrα
]
Jr , (3.6.11)
which must be set to zero in order for [n|q] to be a Calabi-Yau manifold. Hence, the
Calabi-Yau condition c1([n|q]) = 0 turns into the simple algebraic constraints
K
∑
α=1
qrα = nr + 1 (3.6.12)
for all r = 1, . . . , m. This means each row in the q-part of the configuration matrix has
to sum up to the complex dimension of the associated projective space plus 1. The
higher Chern classes of [n|q] are given by
c2([n|q]) = crs2 Jr Js =
1
2
[
−(nr + 1)δrs +
K
∑
α=1
qrαq
s
α
]
Jr Js , (3.6.13)
c3([n|q]) = crst3 Jr Js Jt =
1
3
[
(nr + 1)δrst −
K
∑
α=1
qrαq
s
αq
t
α
]
Jr Js Jt , (3.6.14)
c4([n|q]) = crstu4 Jr Js Jt Ju =
1
4
[
−(nr + 1)δrstu +
K
∑
α=1
qrαq
s
αq
t
αq
u
α + 2c
rs
2 c
tu
2
]
Jr Js Jt Ju ,
(3.6.15)
c5([n|q]) = cr1 ...r55 Jr1 · · · Jr5
=
1
5
[
(nr + 1)δr1...r5 −
K
∑
α=1
qr1α · · · qr5α + 5c(r1r2r33 c r4r5)2
]
Jr1 · · · Jr5 , (3.6.16)
where c1([n|q]) = 0 has been used to simplify the expressions, the ∧-product has been
omitted for brevity and the multi-index Kronecker-δ is δr1...ri = ∏i−1k=1 δ
rkrk+1 (in other
words, δr1...ri = 1 if r1 = . . . = ri and zero otherwise). The fifth Chern class c5(X) is
related to the Euler number defined in (3.3.5) by a variant of the Gauss-Bonnet formula
η(X) =
∫
X
c5(X) . (3.6.17)
Of particular importance for M-theory reductions is the value of the fourth Chern class
c4(X). The expression (3.6.15) for c4([n|q]) can be further re-written by introducing the
dual (4, 4)-forms Jˆr via ∫
X
Jr ∧ Jˆs = δsr , (3.6.18)
and expanding c4([n|q]) = cˆ4r Jˆr. From eqs. (3.6.15) and (3.6.18) and the defini-
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tion (A.4.28) of the κ-map, it follows that
cˆ4r = cstuv4 κ(Jr, Js, Jt, Ju, Jv) . (3.6.19)
The expression κ(Jr, Js, Jt, Ju, Jv) can be evaluated by means of the general theorem for
the pull back in terms of the Ka¨hler class (see, for example, ref. [57])
∫
[n|q]
ω =
∫
A
ω ∧ µ , µ ≡
K∧
α=1
(
m
∑
r=1
qrα Jr
)
, (3.6.20)
which converts integration of a closed (5, 5)-form ω over [n|q] into an integration
over the ambient space A. Taking into account the normalisation (3.6.4), we find
c4 = 720 Jˆ1 + 720 Jˆ2 and η = −4128 for the example (3.6.7).
The Hodge numbers for CICY five-folds that satisfy qrα > 0 for all r and α can be
determined straightforwardly by making use of two results from algebraic topology,
namely the Lefschetz hyperplane theorem (see, for example, ref. [57])
Hp,q(X) ' Hp,q(A) for p + q 6= 5 (3.6.21)
and the Ku¨nneth formula (see, for example, ref. [57])
Hn(X×Y) ' ⊕
i+j=n
Hi(X)⊗ H j(Y) . (3.6.22)
Out of the six independent Hodge numbers h1,1(X), h1,2(X), h1,3(X), h2,2(X), h1,4(X)
and h2,3(X), all but the last two can be directly calculated in this way and one finds
h1,1([n|q]) = h1,1(A) = m (3.6.23)
h1,2([n|q]) = 0 (3.6.24)
h1,3([n|q]) = 0 (3.6.25)
h2,2([n|q]) = h2,2(A) = m(m− 1)
2
+ #{r|nr ≥ 2} , (3.6.26)
where #S denotes the cardinality of the set S. Note that the first equation implies that
the Jr inherited from the ambient Pnr s form a basis of H1,1([n|q]). The remaining two
Hodge numbers h1,4([n|q]) and h2,3([n|q]) are fixed using eqs. (3.6.16) and (3.6.17),
the definition (3.3.5) and the constraint (3.3.4). If some of the qrα are zero, more subtle
variants of the above arguments may be applicable or in other cases, more compli-
cated techniques, such as spectral sequence methods [64], may need to be invoked to
determine the Hodge numbers.
CICY five-folds have so far not been classified systematically. In contrast, CICY
three-folds have been classified and 7868 distinct configurations have been found [58].
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[n|q1 . . . qK] c2/J2 c4/J4 η h1,4 h2,3
[6|7] 21 819 −39984 1667 18327
[7|6 2] 16 454 −32544 1357 14917
[7|5 3] 13 259 −19440 811 8911
[7|4 4] 12 198 −14208 593 6513
[8|5 2 2] 12 234 −23280 971 10671
[8|4 3 2] 10 136 −13392 559 6139
[8|3 3 3] 9 99 −9720 406 4456
[9|4 2 2 2] 9 114 −14592 609 6689
[9|3 3 2 2] 8 78 −9648 403 4423
[10|3 2 2 2 2] 7 58 −8832 369 4049
[11|2 2 2 2 2 2] 6 39 −6912 289 3169
Table 3.1: The 11 CICY five-folds that can be defined in a single projective space. The
Hodge numbers are h1,2(X) = h1,3(X) = 0 and h1,1(X) = h2,2(X) = 1 for all manifolds.
[n|q] c2 c4 η h1,1 h2,2 h1,4 h2,3[
1
5
∣∣∣∣ 26
]
12J1 J2+
15J22
2610 Jˆ1+
4542 Jˆ2
−32280 2 2 1347 14797[
2
4
∣∣∣∣ 35
] 3J21+
15J1 J2+
10J22
3240 Jˆ1+
3975 Jˆ2
−29400 2 3 1227 13478
[
3
3
∣∣∣∣ 44
] 6J21+
16J1 J2+
6J22
3600 Jˆ1+
3600 Jˆ2
−28608 2 3 1194 13115
 12
3
∣∣∣∣∣∣
2
3
4

3J22+
12J2 J3+
6J23+
6J1 J2+
8J1 J3
84 Jˆ1+
114 Jˆ2+
130 Jˆ3
−24480 3 5 1023 11225
Table 3.2: Examples of CICY five-folds defined in a product of projective spaces. The
Hodge numbers are h1,2(X) = h1,3(X) = 0 for all manifolds.
It is beyond the scope of this thesis to attempt a full classification of CICY five-folds.
Instead, we are content with establishing the mere existence of configurations that lead
to viable M-theory compactifications. In table 3.1, we list all the CICY five-folds that
can be defined in a single projective space. Since
[n|q1 . . . qK−1 1] ' [n− 1|q1 . . . qK−1] , (3.6.27)
one can restrict to qα > 1 for all α, without loss of generality. One then finds 11 distinct
configurations. For comparison, 5 distinct CICY three-folds in a single projective space
exist. Table 3.2 lists some of the properties of four examples of CICY five-folds defined
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in a product of multiple projective spaces. In section 5.1, we examine whether these
examples are well-suited as compactification manifolds for M-theory.
3.6.2 Torus quotients
For reasons that will become clear later, it is desirable to have examples of Calabi-Yau
five-folds X with vanishing fourth Chern class c4(X) = 0. Amongst the CICY five-folds
with “small” configuration matrices, there are no such examples, given the additional
restriction that the global holonomy group Hol(X) ⊆ SU(5) be sufficiently large to
allow only one out of 16 supersymmetries, as stated in the definition in section 3.1. We
thus need to turn to another way of constructing Calabi-Yau manifolds to establish a
simple example with c4(X) = 0.
A good starting point is the 10-torus T10 = T2 × · · · × T2 thought of as five 2-
tori. This is a complex dimensional manifold with dimC T10 = 5 and holomorphic
coordinates zµ, µ = 1, . . . , 5 with identifications zµ ∼ zµ + 1 and zµ ∼ zµ + i. The µ-th
coordinate zµ is the single holomorphic coordinate in the µ-th 2-torus. The 10-torus
is Ka¨hler and Ricci-flat with respect to the canonical metric δµν¯. However, it does not
break any supersymmetry and is therefore not a Calabi-Yau five-fold in the strict sense
defined in section 3.1. On the other hand, it has the desirable feature of vanishing
Chern classes ci(T10) = 0 for i = 1, . . . , 5.
Consider the symmetry Z42 acting on the holomorphic coordinates z
µ of T10 and
being generated by
γ1(z1, . . . , z5) = (−z1 + 1/2,−z2 + i/2, z3 + 1/2, z4, z5) (3.6.28)
γ2(z1, . . . , z5) = (z1,−z2 + 1/2,−z3 + i/2, z4 + 1/2, z5) (3.6.29)
γ3(z1, . . . , z5) = (z1, z2,−z3 + 1/2,−z4 + i/2, z5 + 1/2) (3.6.30)
γ4(z1 . . . , z5) = (z1 + 1/2, z2, z3,−z4 + 1/2,−z5 + i/2) . (3.6.31)
The 16 elements of thisZ42-group are fixed point free. Therefore,Z
4
2 is freely acting and
the quotient space X = (T2)5/Z42 constitutes a smooth manifold with the inherited
properties of being a Ricci-flat Ka¨hler manifold of complex dimension five and with
vanishing Chern classes. Despite the smallness of the holonomy group Hol(X) = Z42, it
is nonetheless sufficient to preserve only one out of 16 supersymmetries and therefore
X constitutes a Calabi-Yau five-fold in the strict sense defined in section 3.1. The
Hodge numbers hp,q(X) of X are obtained by counting the number of Z42-invariant
(p, q)-differentials dzµ1 ∧ · · · ∧ dzµp ∧ dz¯ν1 ∧ · · · ∧ dz¯νq . One finds
h1,1(X) = 5 , h1,2(X) = 0 , h1,3(X) = 0 , (3.6.32)
h2,2(X) = 10 , h1,4(X) = 5 , h2,3(X) = 10 . (3.6.33)
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An interesting, but as yet open, question is whether explicit Calabi-Yau five-folds
can be found that have both full SU(5)-holonomy and vanishing fourth Chern class
c4(X) = 0.
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N = 2 Supertime
In this chapter, we review and develop one-dimensional N = 2 supersymmetry to
the level necessary to describe the effective actions arising from Calabi-Yau five-fold
reductions of M-theory. One-dimensional supersymmetry has previously been studied,
for example, in refs. [65–68] and notably in the context of black hole moduli spaces [69].
However, in order to be able to describe the effective actions that will arise in the
next chapter in superspace language, some generalisations and extensions of the one-
dimensional N = 2 formulations discussed in the literature are required.
These extensions include couplings between 2a and 2b multiplets – the two main
irreducible multiplets in one-dimensional N = 2 supersymmetry – as well as actions
and component versions for fermionic multiplets, which are multiplets whose lowest
component is a fermion. By means of these fermionic multiplets, a peculiar feature of
one-dimensional supersymmetry will manifest itself, namely the possible mismatch
of the number of on-shell bosonic and fermionic degrees of freedom, which is in stark
contrast to higher dimensional supersymmetry where the matching of these numbers
is a cornerstone feature. Even though gravity in one dimension is non-dynamical, it
leads to constraints which cannot be ignored. This means we also need to consider
one-dimensional local supersymmetry. Finally, we study some superpotentials in
preparation of the flux compactification performed at the end of the next chapter.
All those features have not been fully worked out in the literature. We therefore
provide a systematic exposition of one-dimensional N = 2 global and local super-
symmetry in this chapter. Before starting, however, we take a step back and briefly
summarise the merits of superspace formulations of supersymmetric theories in order
to motivate our efforts.
4.1 Superspace 1× 1
As mentioned in chapter 1, supersymmetry is a symmetry interchanging bosons and
fermions. Supersymmetric theories possess many desirable and promising features
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from a theoretical and phenomenological perspective. In particular, Haag, Łopuszan´ski
and Sohnius showed in 1975 [5] that supersymmetry offers the only possible way to
evade the famous Coleman-Mandula no-go theorem [6].
However, as we saw via the 11-dimensional example in chapter 2 (and appendix B.1),
supersymmetry is also a rather complicated symmetry and checking ad hoc whether
an action is invariant under a given set of supersymmetry transformations, let alone
determining the correct transformations, is a highly non-trivial task. It would therefore
be very helpful to devise a mechanism such that actions become manifestly supersym-
metric. This was achieved by the invention of superspace by Salam and Strathdee in
1974 [70–72]. If a given action can be written in superspace, this constitutes a proof of
supersymmetry for any consistent superspace action is automatically guaranteed to be
supersymmetric by the very construction of superspace. Moreover, the supersymmetry
of actions derived from superspace expressions is realised off-shell, that is without
any reference to the equations of motion. This is achieved through incorporating addi-
tional so-called auxiliary fields, which are governed by purely algebraic equations of
motion. Upon elimination of the auxiliary fields, on-shell supersymmetry is regained.
Another virtue of superspace is its usefulness as a machinery to easily generate new
supersymmetric theories by building new actions according to the rules of superspace.
Unfortunately, however, the superspace methods described in this section break
down when attempting to describe supersymmetries generated by 8 or more real
supercharges, although more sophisticated techniques may be applicable instead. An
example is harmonic superspace [73], which involves infinite sets of auxiliary fields, to
describe supersymmetries with 8 to 12 real supercharges. Fortunately, one-dimensional
N = 2 supersymmetry – the case relevant for this thesis – is generated by only two real
supercharges and can therefore be described using the techniques introduced below.
The prize for having manifestly realised off-shell supersymmetry is an enlarged
space-time manifoldMD|N parametrised not only by ordinary (commuting) space-time
coordinates xµ with µ = 0, . . . , (D− 1), but in addition also containing anti-commuting
directions1 θαi with α = 1, . . . , f and i = 1, . . . ,N . Here, f is the dimension of the spinor
representation, and N counts the number of independently realised supersymmetries.
The conjugate spinors θ¯α˙i = θαi† are in general also present. The anti-commuting nature
of these extra coordinates is expressed by
[xµ, xν] = 0 , [xµ, θαi] = 0 , {θαi, θβj} = 0 , {θαi, θ¯ β˙j} = 0 , (4.1.1)
valid for all index choices, which shows that MD|N looks locally like a Z2-graded
vector space with even subspaceMD and odd subspace R fN (' C fN/2 for fN even).
1This section aims to provide a brief schematical overview of some of the ideas and concepts behind
superspace and is by no means complete or rigourous. In particular, the precise details of the equations
presented below often depend on the space-time dimension D and to some extend also on N . For a more
complete and rigourous exposition, we refer to, for example, refs. [74–76] and ref. [77] for more on the
mathematical underpinnings.
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The components of the Z2-graded coordinates θiα are called Grassmann numbers. The
associated derivatives ∂αi ≡ ∂/∂θαi and ∂¯α˙i ≡ ∂/∂θ¯α˙i satisfy
∂αiθ
βj = δβαδ
j
i , ∂¯α˙i θ¯
β˙j = δβ˙α˙δ
j
i , ∂¯α˙iθ
βj = ∂αi θ¯ β˙j = 0 , (4.1.2)
{∂αi, ∂βj} = 0 , {∂¯α˙i, ∂¯β˙j} = 0 , {∂αi, ∂¯β˙j} = 0 . (4.1.3)
Integration over Grassmann numbers (known as Berezin integration) is formally equiv-
alent to differentiation
∫ ↔ ∂ (see appendix A.2) and hence∫
dnθ =
∫
dn θ¯ =
∫
d2nθ = 0 , (4.1.4)∫
dnθ θn =
∫
dn θ¯ θ¯n =
∫
d2nθ θn θ¯n = 1 , (4.1.5)
with n ≡ fN/2 (assuming the total number of real supercharges fN is even) and
d2nθ ≡ dnθdn θ¯.
Superfields Φ(x, θ, θ¯) are general functions on superspace. They can be understood
as a set of ordinary fields φ(xµ) by Taylor expanding the superfield Φ in θαi and θ¯α˙i.
The Taylor series terminates after a finite number of terms due to (4.1.1). The product
of two superfields is itself a superfield. Supercovariant derivatives can be defined as2
Diα ≡ ∂αi + i(γµ θ¯i)α∂µ , D¯iα˙ ≡ −∂¯α˙i − i(γµθi)α˙∂µ , (4.1.6)
with the important property that the supercovariant derivative DiαΦ of a superfield
Φ is itself a superfield. The derivative Diα is intimately linked to the generators of
infinitesimal supersymmetry transformations Qiα given by
Qiα ≡ ∂αi − i(γµ θ¯i)α∂µ , Q¯iα˙ ≡ −∂¯α˙i + i(γµθi)α˙∂µ . (4.1.7)
An infinitesimal supersymmetry transformation becomes δeαi ,tot. = ieαiQiα + ie¯α˙iQ¯iα˙.
Together, Qiα and Diα satisfy
{Qiα, Q¯jβ˙} = 2iδij(γµC)αβ˙∂µ , {Qiα, Q
j
β} = {Q¯iα˙, Q¯jβ˙} = 0 , (4.1.8)
{Diα, D¯jβ˙} = −2iδij(γµC)αβ˙∂µ , {Diα, D
j
β} = {D¯iα˙, D¯jβ˙} = 0 , (4.1.9)
{Qiα, Djβ} = {Qiα, D¯jβ˙} = {Q¯iα˙, D
j
β} = {Q¯iα˙, D¯jβ˙} = 0 . (4.1.10)
For cases with an even number of real supercharges fN , a chiral superfield Ψ can be
defined by requiring D¯iα˙Ψ = 0.
The power and usefulness of superspace is encapsulated in the following result
which can be checked using the expressions given above: A general superfield Φ
2By ignoring the position of the extension index i, we are also ignoring the possibility of a non-trivial
automorphism group – called R-symmetry – acting on the indices i, j, . . . = 1, . . . ,N .
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integrated over full superspace
∫
dDxd2nθΦ is invariant under the supersymmetry gen-
erated by (4.1.7). Also, a chiral superfieldΨ integrated over half-superspace
∫
dDxdnθΨ
is supersymmetric in the same sense. The most general manifestly supersymmetric real
action of a single general superfield Φ and a single chiral superfield Ψ can be written
as ∫
dDxd2nθ f (Φ, DiαΦ) +
(∫
dDxdnθW(Ψ) + h.c.
)
, (4.1.11)
with some real-valued function f and holomorphic function W and with the supple-
mentary condition that the integrand does not depend explicitly on the coordinates.
Frequently encountered specific examples include mass terms f = Φ†Φ, kinetic terms
f = (DiΦ) · DiΦ and sigma-models f = gab¯(Φ)(DiΦb) · DiΦa.
So far, we dealt with flat superspace, which describes global supersymmetry. In
order to write locally supersymmetric theories – that is, supergravity theories – in
superspace, we need to consider curved superspace. The subject of supergeometry
deals with describing the geometry of curved superspace. In supergeometry, the
coordinates xµ, θαi and θ¯α˙i are assembled into a supercoordinate zA = (xµ, θαi, θ¯α˙i)
satisfying a graded-commutation relation
[zA, zB} ≡ zAzB − (−1)ABzBzA = 0 , (4.1.12)
where, in the exponent of (−1)AB, one sets A = 0 (A = 1) for zA Grassmann
even (odd) and similarly for B. The associated derivatives are ∂A ≡ ∂/∂zA. Su-
pervectors VA(z) are superfields carrying a superindex A and they transform as
δVA = −ξB(∂BVA)− (∂BξA)VB under infinitesimal super-general coordinate transfor-
mations (SGCTs) zA → z′A = zA − ξA. SGCTs contain both ordinary diffeomorphisms
and local supersymmetry transformations. Higher-rank supertensors are defined
accordingly. One also introduces superforms Ω
Ω =
1
p!
dzAp ∧ · · · ∧ dzA1ΩA1...Ap , (4.1.13)
with the help of a graded-wedge product dzA ∧ dzB = −(−1)ABdzB ∧ dzA. The exterior
derivative d = dzA∂A acts as
dΩ =
1
p!
dzAp ∧ · · · ∧ dzA1 ∧ dzB∂BΩA1 ...Ap , (4.1.14)
whereby the Leibniz rule becomes d(Ω1 ∧Ω2) = Ω1 ∧ dΩ2 + (−1)degΩ2(dΩ1) ∧Ω2.
Many other laws of ordinary Riemannian geometry carry over to supergeometry
with powers of (−1) appropriately inserted to reflect the Z2-grading. The formulæ
given here thus resemble those of appendix A.3. Since the abundant occurrence of
the prefix super- leads to awkward notation, we henceforth drop this prefix where no
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confusion is possible. In particular, objects carrying indices A, B, . . . are understood to
be superobjects.
The fundamental dynamical objects of supergravity formulated in curved super-
space are the Cartan variables, that is the vielbein EAB and the spin-connection ΩABC.
It is important to emphasise that the tangent space indices A, B, . . . are taken to be
valued in the bosonic Lorentz group SO(D− 1, 1) only and not in the full super-Lorentz
group SO(D− 1, 1|N ) as one might have naı¨vely guessed. This is in order to avoid
representation-mixing transformations that would obscure the physical interpretation.
The vielbein EAB and its inverse EAB translate between curved and tangent-space
indices
VA = EABVB , VA = EABVB (4.1.15)
and they are related via
EABEBC = δAC , EABEBC = δAC . (4.1.16)
The vielbein EAB transforms as a co-vector under SGCTs
δEAB = ξC(∂CEAB) + (∂AξC)ECB . (4.1.17)
With the help of the spin-connection 1-formΩ = dzAΩArs Mrs, where Mrs are generators
of the bosonic Lorentz group SO(D− 1, 1), covariant derivatives DA are introduced as
D ≡ dzADA = d +Ω∧ , DA = ∂A +ΩArs Mrs , (4.1.18)
with tangent space version
D = EADA , DA = EABDB = EAB∂B + EABΩBrs Mrs , (4.1.19)
in terms of the vielbein 1-form EA = dzBEB A. By comparison with (4.1.9), we see
that even flat superspace – despite having vanishing curvature – has non-zero torsion.
Further geometric objects are introduced via the graded-commutator of two covariant
derivatives
[DA,DB} = −TABCDC − RABrs Mrs , (4.1.20)
with torsion 2-form TA = 12 E
B ∧ ECTCB A = DEA and curvature 2-form R = 12 EB ∧
ECRCBrs Mrs = DΩ. The first and second Bianchi identities (BIs) follow from eq. (4.1.20)
as integrability conditions
[[DA,DB},DC} = 0 (4.1.21)
and are explicitly given by
DTA = EA ∧ R , (4.1.22)
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DR = 0 , (4.1.23)
respectively.
Expressions and rules of flat superspace carry over to curved superspace by
covariantisation, which amounts to promoting derivatives d → D and measures
dDxd2nθ → dDxd2nθ E to their respective covariant analogues. The determinant of the
vielbein E ≡ sdetEAB precisely cancels off the Jacobian from the transformation of
dDxd2nθ under SGCTs.
As before, by Taylor expanding in the Grassmann odd coordinates θαi and θ¯α˙i,
component actions of supergravity theories can be obtained. However, as it stands,
the current formalism is not well-suited for describing physical systems efficiently.
This is because the vielbein and spin-connection contain a very large number of a
priori independent components and therefore are vastly redundant descriptions of the
underlying fundamental degrees of freedom. The over-counted degrees of freedom
can be removed in a two-step process. First, the gauge freedom is removed by fixing
the gauge. The residual freedom is eliminated by imposing constraints on various
components of the torsion. It must then however be checked whether the torsion
constraints are consistent and in particular, it must be checked whether the BIs (4.1.22)-
(4.1.23) are still satisfied.
The precise details of this procedure are rather sensitive to the choice of D and
N . Rather than dwelling further on the abstract general case, we will discuss the
aforementioned techniques by means of the two explicit examples R1|2 and M1|2.
These are the two cases relevant for this thesis. In the next section, we specialise to the
flat case R1|2 before turning to the general curved caseM1|2 in the last section of this
chapter.
4.2 Flat N = 2 supertime: R1|2
One-dimensional N = 2 superspace [66] – or N = 2 supertime for short – is most
easily obtained by dimensional reduction from two dimensions, which has attracted
a lot of attention in view of formulating superstring actions in superspace [78, 79].
In two dimensions, there are Majorana, Weyl and Majorana-Weyl spinors and hence
the same amount of supersymmetry can be realized by different choices of spinorial
representation for the supercharges (see, for example, ref. [75]). For N = 2, the two
options are (1, 1) and (2, 0) supersymmetry.
Upon reduction to one dimension, these two choices of two-dimensional N = 2
supersymmetry lead to two different irreducible N = 2 supertime multiplets, referred
to as 2a (descending from two-dimensional (1, 1) supersymmetry) and 2b (descend-
ing from two-dimensional (2, 0) supersymmetry) multiplets. These two irreducible
representations play a central roˆle in N = 2 supertime.
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Off-shell, the 2a multiplet contains a real scalar as its lowest component plus a
complex fermion and a real scalar auxiliary field, while the 2b multiplet contains a
complex scalar as its lowest component, accompanied by a complex fermion. The 2b
multiplet does not contain an auxiliary field. Other off-shell multiplets, not obtained
from a standard toroidal reduction, are the fermionic 2a and 2b multiplets and the non-
linear multiplet [67]. From those we will only need and discuss in detail the fermionic
2b multiplet. It has a complex fermion as its lowest component which is balanced by a
complex scalar at the next level.
4.2.1 R1|2 supergeometry
To describe flatN = 2 supertimeR1|2, we just need to suitably restrict the index ranges
of the formulæ presented in section 4.1. Specifically,R1|2 is parametrised by coordinates
zA = (x0 = τ, θ, θ¯), where θ is a complex anti-commuting one-dimensional spinor and
the superindices A, B, . . . run over the values 0, θ and θ¯. In analogy to (4.1.7), the
supercharges are
Q = ∂θ − i2 θ¯∂0 , Q¯ = −∂θ¯ +
i
2
θ∂0 , (4.2.1)
where ∂θ = ∂/∂θ, ∂θ¯ = ∂/∂θ¯ = − (∂θ)∗, ∂0 = ∂/∂x0 = ∂/∂τ. Using the conventions for
one-dimensional spinors summarised in appendix A.2, it is easy to verify that Q and Q¯
satisfy the algebra
{Q, Q¯} = i∂0 = H, {Q, Q} = 0, {Q¯, Q¯} = 0 . (4.2.2)
Supersymmetry transformations of N = 2 supertime are parameterised by a complex
one-dimensional spinor e and act as
δe = ieQ , δe¯ = ie¯Q¯ . (4.2.3)
This choice ensures that the total supersymmetry variation δe,tot. = δe + δe¯ is real. The
associated covariant derivatives D and D¯ anti-commute with the supercharges, that is
{D, Q} = {D, Q¯} = {D¯, Q} = {D¯, Q¯} = 0, and are explicitly given by
D = ∂θ +
i
2
θ¯∂0 , D¯ = −∂θ¯ −
i
2
θ∂0 . (4.2.4)
They satisfy the anti-commutation relations
{D, D¯} = −i∂0 = −H, {D, D} = 0, {D¯, D¯} = 0 . (4.2.5)
Although not really required for the global case, it is useful for comparison with local
supersymmetry later on to develop the geometry of flat supertime. By comparing (4.2.4)
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with the general definition (4.1.19), one can straightforwardly work out the components
of the vielbein EAB (note that D0 = ∂0, Dθ = D and Dθ¯ = D¯). One finds (cf. ref. [65] eq.
(3.4))
E00 = 1, E0θ = 0, E0 θ¯ = 0,
Eθ0 = − i2 θ¯, Eθ
θ = 1, Eθ θ¯ = 0,
Eθ¯
0 = − i
2
θ, Eθ¯
θ = 0, Eθ¯
θ¯ = −1. (4.2.6)
The torsion TA and curvature R are computed from (4.1.20). Note that in D = 1, the
Lorentz group SO(0, 1) = SO(1) is trivial. That means the single Lorentz generator
Mrs = M11 = −M11 = 0 and consequently also the curvature 2-form R vanishes
identically. There is, however, still a global U(1) ' SO(2) R-symmetry present, which
acts by rotating the complex anti-commuting coordinate θ → e−iαθ by some angle α.
For the torsion of R1|2, one finds (cf. ref. [65] eq. (3.7))
Tθθ¯
0 = i (4.2.7)
as the only non-vanishing component. Finally, the determinant of the flat vielbein (4.2.6)
is given by
sdetEAB = −1 . (4.2.8)
Next, we introduce superfields. Their component field content can be worked out
by Taylor expanding in θ and θ¯. Since θ2 = θ¯2 = 0, only the terms proportional to θ,
θ¯ and θθ¯ arise, in addition to the lowest, θ-independent component. Different types
of irreducible superfields can be obtained by imposing constraints on this general
superfield. We now discuss these various types in turn.
4.2.2 2a multiplets
A 2a superfield φ(τ, θ, θ¯) is defined to be a real superfield. It is constrained by the
reality condition φ = φ†. A short calculation shows that the most general component
expansion consistent with this constraint is
φ = ϕ+ iθψ+ iθ¯ψ¯+
1
2
θθ¯ f , (4.2.9)
where ϕ and f are real scalars and ψ is a complex fermion. The highest component f
will turn out to be an auxiliary field so that a 2a superfield contains one real physical
scalar field. From eqs. (4.2.1) and (4.2.3), the supersymmetry transformations of these
components are given by
δeϕ = −eψ, δeψ = 0, δeψ¯ = i2eϕ˙−
1
2
e f , δe f = −ieψ˙, (4.2.10)
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δe¯ϕ = e¯ψ¯, δe¯ψ¯ = 0, δe¯ψ = − i2 e¯ϕ˙−
1
2
e¯ f , δe¯ f = −ie¯ ˙¯ψ . (4.2.11)
For a set, {φi}, of 2a superfields the most general non-linear sigma model3 can be
written in superspace as [66, 69, 80]
S2a =
1
4
∫
dτd2θ
{
(G(φ) + B(φ))ijDφiD¯φj + Lij(φ)DφiDφj
+Mij(φ)D¯φiD¯φj +W(φ)
}
, (4.2.12)
where Gij is symmetric, Bij, Lij, Mij are anti-symmetric andW is an arbitrary function
of φi. The component version ofW(φ) is obtained by a Taylor expansion about ϕi:
W(φ) =W(ϕ) + iθψiW,i(ϕ) + iθ¯ψ¯iW,i(ϕ) + 12θθ¯(W,i(ϕ) f
i + 2W,ij(ϕ)ψiψ¯j). (4.2.13)
The , i notation denotes the ordinary derivative with respect to ϕi. From this and the
other formulæ given in this section, it is straightforward to work out the component
action of this superspace action. Here, we will not present the most general result but
focus on the first and last term in (4.2.12). One finds
S2a =
1
4
∫
dτd2θ
{
Gij(φ)DφiD¯φj +W(φ)
}
(4.2.14)
=
1
4
∫
dτ
{
1
4
Gij(ϕ)ϕ˙i ϕ˙j − i2 Gij(ϕ)(ψ
i ˙¯ψj − ψ˙iψ¯j) + 1
4
Gij(ϕ) f i f j
− 1
2
Gij,k(ϕ)(ψiψ¯j f k − ψkψ¯j f i − ψiψ¯k f j) + i2 Gij,k(ϕ)(ψ
kψ¯i + ψ¯kψi)ϕ˙j (4.2.15)
−Gij,kl(ϕ)ψiψ¯jψkψ¯l − 12W,i(ϕ) f
i −W,ij(ϕ)ψiψ¯j
}
.
Apart from the standard kinetic terms we have Pauli terms (coupling two fermions and
the time derivative of a scalar), Yukawa couplings and four-fermi terms. We also see
that the highest components f i are indeed auxiliary fields. The f i equation of motion
can be solved explicitly and leads to
f i = GijW,j + . . . , (4.2.16)
where Gij is the inverse of Gij. The dots indicate fermion bilinear terms which we have
not written down explicitly. Using this solution to integrating out the f i produces
additional four-fermi terms and the scalar potential
S2a,pot = −18
∫
dτ U , U = 1
2
GijW,iW,j . (4.2.17)
3For an introduction to supersymmetric non-linear sigma models in one and two dimensions, see, for
example, ref. [68].
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4.2.3 2b multiplets
The other major type of multiplet is the 2b multiplet Z(τ, θ, θ¯) which is defined by the
chirality constraint D¯Z = 0. Working out its most general component expansion, one
finds
Z = z + θκ +
i
2
θθ¯z˙ , (4.2.18)
where z is a complex scalar and κ is a complex fermion. We note that, unlike for the 2a
multiplet, the highest component is not an independent field but simply z˙. Hence, a 2b
multiplet contains a complex physical scalar field and no auxiliary field. This difference
in physical bosonic field content in comparison with the 2a multiplet will be quite
useful when it comes to identifying which supermultiplets arise from an M-theory
reduction.
Eqs. (4.2.1) and (4.2.3) lead to the following component supersymmetry transforma-
tions
δez = ieκ, δe z¯ = 0, δeκ = 0, δeκ¯ = e ˙¯z, (4.2.19)
δe¯ z¯ = ie¯κ¯, δe¯z = 0, δe¯κ¯ = 0, δe¯κ = e¯z˙ . (4.2.20)
A general non-linear sigma model for a set, {Za}, of 2b multiplets has the form [66, 69,
80]
S2b =
1
4
∫
dτd2θ
{
Gab¯(Z, Z¯)DZ
aD¯Z¯b¯ +
[
1
2
Bab(Z, Z¯)DZaDZb + c.c.
]
+ F(Z, Z¯)
}
,
(4.2.21)
where Gab¯ is hermitian, Bab is anti-symmetric and F is an arbitrary real function. The
component version of F(Z, Z¯) is obtained by a Taylor expansion about za and z¯a¯
F(Z, Z¯) = F(z, z¯) + θκaF,a(z, z¯)− θ¯κ¯ a¯F,a¯(z, z¯)
+
1
2
θθ¯
{
iF,a(z, z¯)z˙a − iF,a¯(z, z¯) ˙¯za¯ + 2F,ab¯(z, z¯)κaκ¯b¯
}
. (4.2.22)
The component form of the action (4.2.21) can again be worked out straightforwardly
from the above formalæ but we will not pursue this here.
Instead, we focus on a slightly different superspace action which is better adapted
to what we will need in chapter 5. First, we drop the term proportional to Bab, which
does not arise from M-theory. Secondly, we introduce a slight generalisation in that we
allow the sigma model metric Gab¯ to also depend on 2a superfields φ
i, in addition to
the 2b superfields Za and their complex conjugates. A multi-variable Taylor expansion
of a function G(φ, Z, Z¯) depending on 2a as well as 2b superfields yields the following
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component form
G(φ, Z, Z¯) = G(ϕ, z, z¯) + θ[iψiG,i(ϕ, z, z¯) + κaG,a(ϕ, z, z¯)] + θ¯[iψ¯iG,i(ϕ, z, z¯)
−κ¯ a¯G,a¯(ϕ, z, z¯)] + θθ¯
[
1
2
G,i(ϕ, z, z¯) f i + G,ij(ϕ, z, z¯)ψiψ¯j
+iG,ia(ϕ, z, z¯)ψ¯iκa + iG,ia¯(ϕ, z, z¯)ψiκ¯ a¯ + G,ab¯(ϕ, z, z¯)κ
aκ¯b¯
+
i
2
G,a(ϕ, z, z¯)z˙a − i2 G,a¯(ϕ, z, z¯) ˙¯z
a¯
]
.
(4.2.23)
The relevant action is
S2b =
1
4
∫
dτ d2θ
{
Gab¯(φ, Z, Z¯)DZ
aD¯Z¯b¯ + F(Z, Z¯)
}
=
1
4
∫
dτ
{
Gab¯(ϕ, z, z¯)z˙
a ˙¯zb¯ − i
2
Gab¯(ϕ, z, z¯)(κ
a ˙¯κb¯ − κ˙aκ¯b¯)
− i
2
Gab¯,c(ϕ, z, z¯)(κ
aκ¯b¯ z˙c − 2κcκ¯b¯ z˙a) + i
2
Gab¯,c¯(ϕ, z, z¯)(κ
aκ¯b¯ ˙¯zc¯ + 2κaκ¯ c¯ ˙¯zb¯)
−Gab¯,cd¯(ϕ, z, z¯)κaκ¯b¯κcκ¯d¯ −
1
2
Gab¯,i(ϕ, z, z¯)κ
aκ¯b¯ f i − Gab¯,ij(ϕ, z, z¯)κaκ¯b¯ψiψ¯j
−iGab¯,ic(ϕ, z, z¯)κaκ¯b¯ψ¯iκc − iGab¯,ic¯(ϕ, z, z¯)κaκ¯b¯ψiκ¯ c¯ − Gab¯,i(ϕ, z, z¯)ψiκ¯b¯ z˙a
+Gab¯,i(ϕ, z, z¯)ψ¯
iκa ˙¯zb¯ − i
2
(F,a z˙a − F,b¯ ˙¯zb¯)− F,ab¯κaκ¯b¯
}
.
(4.2.24)
Note that the function F gives rise to a Chern-Simons type term (and fermion mass
terms) but not to a scalar potential.
4.2.4 Fermionic multiplets
The 2a and 2b superfields introduced above are bosonic superfields in the sense that
their lowest components are bosons. However, for both types of multiplets there also
exists a fermionic version, satisfying the same constraint as their bosonic counterparts
but starting off with a fermion as the lowest component. Here, we will only consider
fermionic 2b superfields. The details for fermionic 2a superfields can be worked out
analogously.
Fermionic 2b superfields R(τ, θ, θ¯) have a spinorial lowest component and are
defined by the chirality constraint D¯R = 0. Their general component expansion reads
R = ρ+ θh +
i
2
θθ¯ρ˙ , (4.2.25)
where ρ is a complex fermion and h is a complex scalar. For its component supersym-
metry transformations, one finds
δeρ = ieh, δeρ¯ = 0, δeh = 0, δeh¯ = −e ˙¯ρ, (4.2.26)
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δe¯ρ¯ = −ie¯h¯, δe¯ρ = 0, δe¯h¯ = 0. δe¯h = e¯ρ˙ . (4.2.27)
A set, {Rx}, of fermionic 2b superfields can be used to build non-linear sigma models
where only fermions are propagating. A class of such models is given by
S2b,F =
1
4
∫
dτ d2θ Gxy¯(φ)RxR¯y¯
=
1
4
∫
dτ
{
i
2
Gxy¯(ϕ)(ρx ˙¯ρy¯ − ρ˙xρ¯y¯)− Gxy¯(ϕ)hx h¯y¯ − 12 Gxy¯,i(ϕ)ρ
xρ¯y¯ f i
−iGxy¯,i(ϕ)(ψiρx h¯y¯ + ψ¯iρ¯y¯hx)− Gxy¯,ij(ϕ)ρxρ¯y¯ψiψ¯j
}
.
(4.2.28)
Here, we have allowed the sigma model metric to depend on a set, {φi}, of 2a moduli
– a situation which will arise from M-theory reductions. Note that the bosons hx are
indeed auxiliary fields and only the fermions ρx have kinetic terms.
4.3 Curved N = 2 supertime:M1|2
The goal of this section is to develop curved N = 2 supertime to an extent that will
allow us to write down actions over this superspace and compare their component
expansion with the results from chapter 5. We will use the formulæ of this section
to write the one-dimensional effective action obtained from dimensionally reducing
M-theory on Calabi-Yau five-folds in curved N = 2 supertime thereby making the
residual supersymmetry manifest.
The well-known case ofN = 1 in four dimensions [81–86] and supergravity theories
in two-dimensions [87, 88] will guide us in constructing curved N = 2 supertime.
The on-shell one-dimensional N = 2 supergravity multiplet comprises the lapse
function (or “einbein”) N, which is a real scalar, and the “lapsino” ψ0, which is a one-
component complex spinor. In all expressions provided in this section, flat superspace
(and thus the equations of the previous section) can be recovered by gauge fixing the
supergravity fields to N = 1 and ψ0 = 0. From a more geometric viewpoint, M1|2
looks locally like R1|2.
4.3.1 Superspace formulation of one-dimensional N = 2 supergravity
As in the previous section, we start by introducing super-coordinates zA = (x0 =
τ, θ, θ¯). We recall the rather subtle roˆle of the local Lorentz indices in one dimension:
These indices are taken to be valued in the trivial Lorentz group SO(0, 1) = SO(1).
Since there is no Lie algebra for the trivial group, there are no Lorentz generators in one
dimension and the local Lorentz indices A, B, . . . are taken to not transform under any
local group action but should merely be thought of as labels. They label the two different
representations of Spin(1), namely for A = 0 the “vector” representation, which is
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nothing but the real numbers in one dimension, and for A = θ the spinor representation
which are real Grassmann numbers. In addition, the fact that we want to realise N -
extended supersymmetry (with N > 1) means we need in principle another index, say
i, j = 1, . . . ,N on the A = θ components to label the N -extendedness of the spinorial
components (see section 4.1). Here, N = 2 and hence A, B, . . . = 0, θ1, θ2. For ease of
notation, we combine the two θi into a combination of one complex index θ = θ1 + iθ2
(and similarly θ¯ = θ1 − iθ2) thereby suppressing the additional N -extension index i.
After this step, the local Lorentz indices A, B, . . . range over 0, θ and θ¯. Note that this
coincides precisely with the notation used for curved indices except for the additional
underline added for distinction.
As in the flat case, there is, of course, a global U(1) ' SO(2) R-symmetry present,
which rotates the complex anti-commuting coordinate θ → e−iαθ by some angle α.
This U(1) R-symmetry can be gauged as was shown in ref. [65]. The tangent space
group then becomes U(1) and tangent vectors VA transform as δVA = VBLB A, where
Lθθ = −iα, Lθ¯ θ¯ = iα and all others zero. In the one-dimensional component action this
leads to additional terms containing the new U(1) gauge field. Since we are, in this
thesis, focussing on one-dimensional actions obtained from reductions on Calabi-Yau
five-folds X, we anticipate that no such terms will arise in our lower dimensional
actions. This is a consequence of h1,0(X) = 0 (there being no continuous isometries
on a Calabi-Yau five-folds X), which precludes the occurrence of massless Kaluza-
Klein vectors in the lower dimensional action. Thus, we shall ignore the possibility of
a gauged U(1) R-symmetry. The choice of anti-commuting coordinate θ may in this
context be viewed as a gauge fixing, which we shall make from the outset. Note, though,
that the equations of this section nonetheless respect the global U(1) R-symmetry.
In summary, even though the local Lorentz indices can take on three different values,
we will restrict to the case in which no group is acting on them. Objects carrying an
anti-symmetrised combination of two or more local Lorentz indices vanish identically,
since the Lorentz generator in each representation of Spin(1) is zero and there are, by
construction, no representation-mixing Lorentz transformations. This immediately
implies Ω = 0 and R = 0, which profoundly simplifies the further discussion. The
fact that the curvature two-form R vanishes identically for our “curved” superspace
formulation of one-dimensional N = 2 supergravity may be regarded as another
manifestation that this theory is in fact non-dynamical.
Since the on-shell supergravity multiplet contains only one real scalar, we take
the geometrical supertime tensors to be 2a superfields, which means they comprise
four component fields when expanded out in powers of θ and θ¯ (see eq. (4.2.9)). The
supervielbein EAB, in general, consists of a set of 3× 3 = 9 2a superfields, which totals
to 9× 4 = 36 component (that is, off-shell) fields, and is expanded as
EAB = EA(0)
B + iθEA(1)
B + iθ¯EA(1¯)
B +
1
2
θθ¯EA(2)
B . (4.3.1)
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This is a large number of apparently independent fields given that on-shell, we just
have three, namely N, ψ0 and ψ¯0. In order to not obscure the physical content and
to formulate supertime theories in the most efficient way, it is important to find a
formulation with the minimum number of component fields.
This can be achieved by imposing covariant constraints on the supervielbein and
by gauging away some components using the SGCTs (4.1.17). The infinitesimal pa-
rameters ξA in (4.1.17) comprise a set of three four-component 2a superfields (that is,
12 component fields in total). The lowest component of ξ0| = ζ is the infinitesimal
parameter of worldline reparametrizations, whereas the lowest components of the
spinorial parameters ξθ | = ie and ξ θ¯ | = ie¯ correspond to the infinitesimal local N = 2
supersymmetry parameters. The notation φ| is a shorthand for φ|θ=θ¯=0, that is denoting
the lowest component of the superfield φ.
An infinitesimal local N = 2 supersymmetry transformation with parameters e
and e¯ on a general superfield φ can be written by means of the supercharges Q and Q¯
as
δeφ = ieQφ, δe¯φ = ie¯Q¯φ. (4.3.2)
If we use the following general component expansion for φ
φ = φ|+ θ(Dφ|)− θ¯(D¯φ|) + 1
2
θθ¯([D, D¯]φ|), (4.3.3)
then the components of φ transform as
δe(φ|) = ieQφ|, δe(Dφ|) = ieQDφ|, δe(D¯φ|) = ieQD¯φ|,
δe([D, D¯]φ|) = ieQ[D, D¯]φ|.
(4.3.4)
Both (4.3.3) and (4.3.4) are manifestly super-covariant expressions since we used the
tangentized covariant super-derivative defined in (4.1.19) for building them. ForN = 2
supertime, Ω = 0 and thus DA is just DA = EAB∂B. Note that, similarly to D and D¯
in the flat case, the tangentized, spinorial super-covariant derivatives are abbreviated
as D ≡ Dθ = EθA∂A and D¯ ≡ Dθ¯ = Eθ¯A∂A, which are not to be confused with the
covariant exterior derivative 1-form D = dzADA introduced in section 4.1.
From the general fact that Q| = D| = ∂θ , it follows that one may replace Qs by Ds
everywhere in (4.3.4) and hence knowing the component expansion of D is enough for
working out the entire component version of (4.3.2), namely
δe(φ|) = ieDφ|, δe(Dφ|) = ieD2φ| = 0, δe(D¯φ|) = ieDD¯φ|,
δe([D, D¯]φ|) = −ieDD¯Dφ|,
(4.3.5)
and similarly for the e¯-transformations. In the second and fourth equation in (4.3.5),
we used the property D2 = 0.
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Now continuing our quest for finding the minimal formulation of off-shell N = 2,
D = 1 supergravity, we have here opted for the analogue of the Wess-Zumino gauge in
D = 4 and the way to formulate it in the present case will be explained in the following.
Since we have three physical components in the supergravity multiplet, we shall use
9 = 12− 3 components out of ξA to gauge fix 9 out of the 36 components of EAB,
namely
Eθ0| = Eθ¯0| = Eθ θ¯ | = Eθ¯ θ | = DEθ¯ θ | = DEθ¯ θ¯ | = 0, (4.3.6)
D¯Eθ0| = i2, Eθ
θ | = 1, Eθ¯ θ¯ | = −1. (4.3.7)
The three remaining parameters in ξA act on the three physical fields N, ψ0 and ψ¯0,
which we choose to identify in the following way
E00| = N, E0θ | = ψ0, E0 θ¯ | = −ψ¯0. (4.3.8)
We will now discuss our choice of covariant constraints. Usually, they are imposed
on certain components of the tangentized supertorsion TABC. Our aim is to find a
combination of constraints that yield the minimum number of fields in the θ-expansion
of the supervielbein EAB. The main idea is to take the system of constraints fromN = 1,
D = 4 and restrict the index ranges appropriately. In doing so, we obtain the following
torsion constraints
Tθθ¯
0 = i, Tθθ¯
θ = 0, (conventional constraints), (4.3.9)
Tθ¯θ¯
0 = 0, Tθ¯θ¯
θ = 0, (representation preserving constraints), (4.3.10)
Tθθθ = 0, (“type 3” constraint), (4.3.11)
and their complex conjugates, of course. We are equating superfields to superfields
here and hence each of the above relations is manifestly (super-)covariant. The first
line is the analogue of the conventional constraints in N = 1, D = 4. In the absence of
R, eq. (4.1.20) becomes
[DA,DB} = −TABCDC . (4.3.12)
The conventional constraints stem from imposing (cf. eq. (4.2.5))
{D, D¯} = −iD0 , (4.3.13)
which guarantees that the tangentized covariant super-derivatives of curved superspace,
D and D¯, satisfy the flat algebra. A 2b superfield Z satisfies D¯Z = 0 by definition. The
representation preserving constraints listed in (4.3.10) follow from the corresponding
integrability condition
{D¯, D¯}Z = 0 (4.3.14)
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for all 2b superfields Z. For the constraint in (4.3.11), we do not have a direct motivation
from a one-dimensional viewpoint, so we impose it purely by analogy to the conformal
constraint of N = 1 in D = 4.
Now, we need to examine the BIs (4.1.22)-(4.1.23). Specializing to N = 2 supertime,
the second BI identically vanishes due to R = 0 and the first BI becomes
dTA = 0 ⇔ D[A TBC}D + T[AB ET|E|C}D = 0 . (4.3.15)
In the presence of constraints, consistency requires that the BIs sill be obeyed and this
needs to be checked by explicit calculation. In this respect, the BIs become “contentful”
(rather than being genuine identities) when constraints are present and then the BIs
must be imposed. For the case at hand, one learns from the BI (4.3.15) that all remaining
torsion components which are not already fixed by the constraints (4.3.9)-(4.3.11) must
be zero.
From the choice of gauge fixing (4.3.6)-(4.3.8) and torsion constraints (4.3.9)-(4.3.11)
and the imposition of the BI (4.3.15), all 36 components in the supervielbein expan-
sion (4.3.1) are fixed uniquely to
E00 = N + iθψ¯0 + iθ¯ψ0, (4.3.16)
E0θ = ψ0, E0 θ¯ = −ψ¯0, (4.3.17)
Eθ0 = − i2 θ¯, Eθ¯
0 = − i
2
θ, (4.3.18)
Eθθ = 1, Eθ θ¯ = 0, Eθ¯
θ = 0, Eθ¯
θ¯ = −1. (4.3.19)
Note that the minimal set of fields of off-shell pureN = 2, D = 1 supergravity does not
comprise any auxiliary fields. From eq. (4.1.16) we compute the component expansion
of the inverse supervielbein
E00 = N−1 − i2θN
−2ψ¯0 − i2 θ¯N
−2ψ0 − 12θθ¯N
−3ψ0ψ¯0, (4.3.20)
E0θ = −N−1ψ0 − i2θN
−2ψ0ψ¯0, E0 θ¯ = −N−1ψ¯0 + i2 θ¯N
−2ψ0ψ¯0, (4.3.21)
Eθ0 =
i
2
θ¯N−1 − 1
4
θθ¯N−2ψ¯0, Eθ¯
0 = − i
2
θN−1 − 1
4
θθ¯N−2ψ0, (4.3.22)
Eθθ = 1− i2 θ¯N
−1ψ0 − 14θθ¯N
−2ψ0ψ¯0, Eθ θ¯ = − i2 θ¯N
−1ψ¯0, (4.3.23)
Eθ¯
θ¯ = −1+ i
2
θN−1ψ¯0 +
1
4
θθ¯N−2ψ0ψ¯0, Eθ¯
θ =
i
2
θN−1ψ0. (4.3.24)
Since DA = EAB∂B, the above expressions directly allow us to write down the compo-
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nent expansion of the tangentized, spinorial super-covariant derivative
D =
(
1− i
2
N−1θ¯ψ0 − 14 N
−2θθ¯ψ0ψ¯0
)
∂θ +
(
i
2
N−1θ¯ − 1
4
N−2θθ¯ψ¯0
)
∂0 − i2 N
−1θ¯ψ¯0∂θ¯ ,
(4.3.25)
and similarly for the complex conjugate version D¯. By comparing the component
expansion of (4.1.17) with eqs. (4.3.16)-(4.3.19), we learn how the supergravity fields
transform under local N = 2 supersymmetry
δeN = −eψ¯0, δe¯N = e¯ψ0, δeψ0 = ie˙, δeψ¯0 = 0, δe¯ψ0 = 0, δe¯ψ¯0 = −i ˙¯e.
(4.3.26)
In order to build curved superspace actions that are manifestly invariant under local
N = 2 supersymmetry, we need an expression for the super-determinant E of the
vielbein defined, in general, as
E ≡ sdetEAB = (det Eab)(det[Eαβ − Eαc(Edc)−1Edβ])−1, (4.3.27)
where a, b, . . . and α, β, . . . denote vector and spinor indices, respectively. Specializing
to N = 2 supertime and inserting eqs. (4.3.16)-(4.3.19), one finds
E = −N − i
2
θψ¯0 − i2 θ¯ψ0 . (4.3.28)
Since there is no θθ¯-component in this expression, it follows that the canonical action of
pure supergravity vanishes as expected
Spure sugra =
∫
dτd2θ E = 0 . (4.3.29)
Also, as an additional consistency check, one may verify that E is covariantly constant,
in the sense that∫
dτd2θDE =
∫
dτd2θ D¯E = (total derivative) = 0 . (4.3.30)
This allows us to use the partial-integration rule for superspace.
4.3.2 2a multiplets
In analogy to the flat superspace case, we will now present the different irreducible
multiplets. We begin with the 2a multiplet defined by the constraint φ = φ†. The
general solution to this constraint leads to the component expansion
φ = ϕ+ iθψ+ iθ¯ψ¯+
1
2
θθ¯ f , (4.3.31)
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where the component fields are labelled as in eq. (4.2.9). This can also be written in a
manifestly super-covariant fashion as
φ = φ|+ θ(Dφ|)− θ¯(D¯φ|) + 1
2
θθ¯([D, D¯]φ|). (4.3.32)
For the supersymmetry transformations of the 2a component fields, one finds
δeϕ = −eψ, δeψ = 0, δeψ¯ = i2 N
−1eϕ˙− 1
2
e f +
1
2
N−1e(ψ0ψ+ ψ¯0ψ¯),
δe f = −iN−1eψ˙+ i2 N
−2eψ¯0 ϕ˙+
1
2
N−1eψ¯0 f − 12 N
−2eψψ0ψ¯0,
(4.3.33)
δe¯ϕ = e¯ψ¯, δe¯ψ = − i2 N
−1e¯ϕ˙− 1
2
e¯ f − 1
2
N−1e¯(ψ0ψ+ ψ¯0ψ¯), δe¯ψ¯ = 0,
δe¯ f = −iN−1e¯ ˙¯ψ+ i2 N
−2e¯ψ0 ϕ˙− 12 N
−1e¯ψ0 f +
1
2
N−2e¯ψ¯ψ0ψ¯0 .
(4.3.34)
This is obtained by plugging the component expansions (4.3.25) and (4.3.31) into the
general formula (4.3.5). A standard kinetic term for a single 2a superfield φ and its
associated component action are given by
S2a,kin = −14
∫
dτ d2θ E DφD¯φ = 1
4
∫
dτ L2a,kin,
L2a,kin = 14 N
−1 ϕ˙2 − i
2
(ψ ˙¯ψ− ψ˙ψ¯) + 1
4
N f 2 +
i
2
N−1(ψψ0 + ψ¯ψ¯0)ϕ˙+
1
2
N−1ψ0ψ¯0ψψ¯.
(4.3.35)
In the context of M-theory five-fold compactifications, we need to consider more general
actions, representing non-linear sigma models for a set of 2a fields φi which also include
a (super)-potential term. The superspace and component forms for such actions read
S2a = −14
∫
dτ d2θ E {Gij(φ)DφiD¯φj +W(φ)} = 14
∫
dτ L2a,
L2a = 14 N
−1Gij(ϕ)ϕ˙i ϕ˙j − i2 Gij(ϕ)(ψ
i ˙¯ψj − ψ˙iψ¯j) + 1
4
NGij(ϕ) f i f j
+
i
2
N−1Gij(ϕ)(ψiψ0 + ψ¯iψ¯0)ϕ˙j +
1
2
N−1Gij(ϕ)ψ0ψ¯0ψiψ¯j
− 1
2
NGij,k(ϕ)(ψiψ¯j f k − ψkψ¯j f i − ψiψ¯k f j) + i2 Gij,k(ϕ)(ψ
kψ¯i + ψ¯kψi)ϕ˙j
− NGij,kl(ϕ)ψiψ¯jψkψ¯l − 12 NW,i(ϕ) f
i − NW,ij(ϕ)ψiψ¯j − 12W,i(ϕ)(ψ
iψ0 − ψ¯iψ¯0),
(4.3.36)
with a sigma model metric Gij(φ) and a superpotential W(φ) . Here, G...,i denotes
differentiation with respect to the bosonic fields ϕi. Note that the fields f i are indeed
auxiliary. Solving their equations of motion leads to
f i = GijWj + GijGkl,jψkψ¯l − GijGjk,l(ψkψ¯l + ψlψ¯k) , (4.3.37)
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where Gij is the inverse of Gij and Wi = W,i = ∂W∂ϕi . Inserting this back into the
component action leads, amongst other terms, to the scalar potential
S2a,pot = −18
∫
dτ N U , U = 1
2
GijWiWj , (4.3.38)
for the scalars ϕi in the 2a multiplets. We will also need a slight generalization of the
action (4.3.36), namely an action for a set of 2a superfields Xp coupling to another
set of 2a superfields φi and to a set of 2b superfields Za via the sigma model metric
Gpq(φ, Z, Z¯)
S2a,gen. = −14
∫
dτ d2θ E {Gpq(φ, Z, Z¯)DXpD¯Xq} = 14
∫
dτ L2a,gen.,
L2a,gen. = 14 N
−1Gpq(ϕ, z, z¯)x˙p x˙q − i2 Gpq(ϕ, z, z¯)(λ
p ˙¯λq − λ˙pλ¯q) + 1
4
NGpq(ϕ, z, z¯)gpgq
+
i
2
N−1Gpq(ϕ, z, z¯)(λpψ0 + λ¯pψ¯0)x˙q +
1
2
N−1Gpq(ϕ, z, z¯)ψ0ψ¯0λpλ¯q
− 1
2
NGpq,i(ϕ, z, z¯)
(
(λpλ¯q f i − ψiλ¯pgq + ψ¯iλpgq)− iN−1(ψiλ¯p + ψ¯iλp)x˙q
)
− NGpq,ij(ϕ, z, z¯)λpλ¯qψiψ¯j − i2 Gpq,a(ϕ, z, z¯)λ
pλ¯q(z˙a − ψ0κa)
+
i
2
Gpq,a¯(ϕ, z, z¯)λpλ¯q( ˙¯za¯ + ψ¯0κ¯ a¯)− i2 NGpq,a(ϕ, z, z¯)κ
aλ¯pgq
− i
2
NGpq,a¯(ϕ, z, z¯)κ¯ a¯λpgq +
1
2
Gpq,a(ϕ, z, z¯)κaλ¯p x˙q − 12 Gpq,a¯(ϕ, z, z¯)κ¯
a¯λp x˙q
− NGpq,ab¯(ϕ, z, z¯)λpλ¯qκaκ¯b¯ − iNGpq,ia(ϕ, z, z¯)λpλ¯qψ¯iκa
− iNGpq,ia¯(ϕ, z, z¯)λpλ¯qψiκ¯ a¯ . (4.3.39)
4.3.3 2b multiplets
Next we turn to 2b multiplets. They are defined by the constraint D¯Z = 0 which leads
to the component expansion
Z = z + θκ +
i
2
N−1θθ¯(z˙− ψ0κ) . (4.3.40)
Here, N and ψ0 are the components of the supergravity multiplet and the other fields are
labelled in analogy with the globally supersymmetric case (4.2.18). Expression (4.3.40)
is equivalent to the manifestly super-covariant version
Z = Z|+ θ(DZ|)− 1
2
θθ¯(D¯DZ|). (4.3.41)
By plugging the component expansions (4.3.25) and (4.3.40) into the general for-
mula (4.3.5), the component field supersymmetry transformations are found to be
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δez = ieκ, δe z¯ = 0, δeκ = 0, δeκ¯ = N−1e( ˙¯z + ψ¯0κ¯), (4.3.42)
δe¯z = 0, δe¯ z¯ = ie¯κ¯, δe¯κ = N−1e¯(z˙− ψ0κ), δe¯κ¯ = 0. (4.3.43)
A standard kinetic term for a single 2b multiplet Z can be written and expanded into
components as
S2b,kin = −14
∫
dτ d2θ E DZD¯Z¯ = 1
4
∫
dτ L2b,kin,
L2b,kin = N−1z˙ ˙¯z− i2 (κ ˙¯κ − κ˙κ¯)− N
−1(ψ0κ ˙¯z− ψ¯0κ¯z˙) + N−1ψ0ψ¯0κκ¯.
(4.3.44)
The generalization to a non-linear sigma model for a set, {Za}, of 2b multiplets is given
by
S2b = −14
∫
dτ d2θ E Gab¯(Z, Z¯)DZaD¯Z¯b¯ =
1
4
∫
dτ L2b,
L2b = N−1Gab¯(z, z¯)z˙a ˙¯zb¯ −
i
2
Gab¯(z, z¯)(κ
a ˙¯κb¯ − κ˙aκ¯b¯)− N−1Gab¯(z, z¯)(ψ0κa ˙¯zb¯ − ψ¯0κ¯b¯ z˙a)
+ N−1Gab¯(z, z¯)ψ0ψ¯0κ
aκ¯b¯ − i
2
Gab¯,c(z, z¯)(κ
aκ¯b¯(z˙c − 2ψ0κc)− 2κcκ¯b¯ z˙a)
+
i
2
Gab¯,c¯(z, z¯)(κ
aκ¯b¯( ˙¯zc¯ + 2ψ¯0κ¯ c¯)− 2κaκ¯ c¯ ˙¯zb¯)− NGab¯,cd¯(z, z¯)κaκ¯b¯κcκ¯d¯.
(4.3.45)
Here, G...,a means differentiation with respect to the bosonic fields za. In our application
to M-theory, we need a variant of this action where the sigma model metric Gab¯ is also
allowed to depend on a set of 2a multiplets φi in addition to Za and Z¯b¯. This leads to a
coupling between 2a and 2b multiplets. The action for this case reads
S2b = −14
∫
dτ d2θ E Gab¯(φ, Z, Z¯)DZaD¯Z¯b¯ =
1
4
∫
dτ L2b,
L2b = N−1Gab¯(ϕ, z, z¯)z˙a ˙¯zb¯ −
i
2
Gab¯(ϕ, z, z¯)(κ
a ˙¯κb¯ − κ˙aκ¯b¯)− N−1Gab¯(ϕ, z, z¯)(ψ0κa ˙¯zb¯
− ψ¯0κ¯b¯ z˙a) + N−1Gab¯(ϕ, z, z¯)ψ0ψ¯0κaκ¯b¯ −
i
2
Gab¯,c(ϕ, z, z¯)(κ
aκ¯b¯(z˙c − 2ψ0κc)− 2κcκ¯b¯ z˙a)
+
i
2
Gab¯,c¯(ϕ, z, z¯)(κ
aκ¯b¯( ˙¯zc¯ + 2ψ¯0κ¯ c¯)− 2κaκ¯ c¯ ˙¯zb¯)− NGab¯,cd¯(ϕ, z, z¯)κaκ¯b¯κcκ¯d¯
− 1
2
NGab¯,i(ϕ, z, z¯)κ
aκ¯b¯ f i − NGab¯,ij(ϕ, z, z¯)κaκ¯b¯ψiψ¯j − iNGab¯,ic(ϕ, z, z¯)κaκ¯b¯ψ¯iκc
− iNGab¯,ic¯(ϕ, z, z¯)κaκ¯b¯ψiκ¯ c¯ − Gab¯,i(ϕ, z, z¯)ψiκ¯b¯(z˙a −
1
2
ψ0κ
a)
+ Gab¯,i(ϕ, z, z¯)ψ¯
iκa( ˙¯zb¯ +
1
2
ψ¯0κ¯
b¯). (4.3.46)
This result can be readily specialized to Gab¯(φ, Z, Z¯) = f (φ)Gab¯(Z, Z¯), for a real func-
tion f = f (φ), which is the case relevant to our M-theory five-fold compactifications.
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4.3.4 Fermionic multiplets
Finally, we discuss fermionic 2b multiplets, that is super-multiplets R with a fermionic
lowest component and satisfying D¯R = 0. Their component expansion is given by
R = ρ+ θh +
i
2
N−1θθ¯(ρ˙− ψ0h), (4.3.47)
where the notation for the component fields is completely analogous to the globally
supersymmetric case (4.2.25). The component supersymmetry transformations fol-
low from plugging the component expansions (4.3.25) and (4.3.47) into the general
formula (4.3.5) and are given by
δeρ = ieh, δeρ¯ = 0, δeh = 0, δeh¯ = −N−1e( ˙¯ρ− ψ¯0h¯), (4.3.48)
δe¯ρ = 0, δe¯ρ¯ = −ie¯h¯, δe¯h = N−1e¯(ρ˙− ψ0h), δe¯h¯ = 0. (4.3.49)
A simple kinetic term for a single fermionic 2b superfield R takes the form
S2b−f,kin = −14
∫
dτ d2θ E RR¯ = 1
4
∫
dτ L2b−f,kin,
L2b−f,kin = i2 (ρ ˙¯ρ− ρ˙ρ¯)− Nhh¯ .
(4.3.50)
Note that the only bosonic field, h, in this multiplet is auxiliary and, hence, we are left
with only fermionic physical degrees of freedom. This observation will be crucial for
writing down a superspace version of the effective one-dimensional theories obtained
from M-theory. As for the other types of multiplets, we need to generalise to a sigma
model for a set, {Rx}, of fermionic 2b multiplets. The sigma model metric Gxy¯ = Gxy¯(φ)
should be allowed to depend on 2a multiplets φi. Such an action takes the form
S2b−f = −14
∫
dτ d2θ E Gxy¯(φ)RxR¯y¯ = 14
∫
dτ L2b−f,
L2b−f = i2 Gxy¯(ϕ)(ρ
x ˙¯ρy¯ − ρ˙xρ¯y¯)− NGxy¯(ϕ)hx h¯y¯ − iNGxy¯,i(ϕ)(ψiρx h¯y¯ + ψ¯iρ¯y¯hx)
− 1
2
NGxy¯,i(ϕ)ρxρ¯y¯ f i − NGxy¯,ij(ϕ)ρxρ¯y¯ψiψ¯j + 12 Gxy¯,i(ϕ)ρ
xρ¯y¯(ψ0ψi − ψ¯0ψ¯i) .
(4.3.51)
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M-theory on Calabi-Yau Five-Folds
The first part of this thesis finds its culmination in the present chapter. All the knowl-
edge developed in the preceding chapters is put to use in the dimensional reduction of
M-theory on Calabi-Yau five-folds. Each facet of this reduction will receive a thorough
examination.
5.1 Calabi-Yau five-fold compactification of M-theory
Before performing the dimensional reduction of M-theory on Calabi-Yau five-folds, we
need to make sure that a background configuration of the formM = R× X, where X
is a Calabi-Yau five-fold, is compatible with the 11-dimensional equations of motion up
to a given order in the β-expansion.
We recall that at O(β0), that is at the purely classical level, the bosonic equations of
motion are
RMN =
1
12
GMM2...M4 GN
M2 ...M4 − 1
144
gMNG2 , (5.1.1)
d ∗ G + 1
2
G ∧ G = 0 . (5.1.2)
We will always assume a vanishing fermion background ΨM = 0 and thus, we do
neither need to take into account the fermionic contributions to the above equations nor
the gravitino equation of motion. For such a background to respect supersymmetry, one
must in addition demand that δe(11)ΨM = 0. This leads to the Killing spinor equation,
to which we will turn later in this section. First, however, observe that to zeroth order
in β, it is consistent to set G = 0, since RMN(R× X) = 0 owing to the Ricci-flatness of
X.
At the next order, O(β1), the equations of motion schematically read
RMN =
1
12
GMM2...M4 GN
M2...M4 − 1
144
gMNG2 +O(β1) , (5.1.3)
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d ∗ G = −1
2
G ∧ G− (2pi)4βX8 . (5.1.4)
The consistency of these equation for a background M = R× X was examined in
ref. [21]. We see that G = 0 will in general no longer be consistent with the second
equation. This is not surprising, as we expect the zeroth order background to be
corrected G = 0+ βG(1) +O(β2). This choice satisfies eq. (5.1.4), provided d ∗ G(1) ∼
X8(R× X). Eq. (5.1.3) then becomes RMN(R× X) ∼ O(β1) 6= 0 and thus the zeroth
order Calabi-Yau metric g(0)mn(CY) (with m, n, . . . = 1, . . . , 10) on X receives corrections
at O(β1), that is gmn(X) = g(0)mn(CY) + βg(1)mn +O(β2), which renders X to be no longer
Calabi-Yau at this order. In fact, a more careful treatment [21] reveals that X is still a
complex manifold with c1(X) = 0 but it is neither Ka¨hler nor Ricci-flat. In addition, a
warp factor is introduced into the 11-dimensional metric endowing it with a 0-brane
structure. It turns out that the original 32 supersymmetries can be maintained by
allowing the supersymmetry transformations to also be modified at O(β1).
Since we would like to consider both higher order β-corrections and honest Calabi-
Yau five-fold compactifications in this thesis, we are therefore forced into a hybrid
picture. Namely, we will work at O(√β). In order to illustrate how the Calabi-Yau
background prevails against the higher order corrections up to this order, it is instructive
to temporarily think of
√
β as a new and independent expansion parameter γ =
√
β.
Our aim then is to work to first order in γ. With the new expansion parameter, the
equations of motion become
RMN =
1
12
GMM2...M4 GN
M2 ...M4 − 1
144
gMNG2 +O(γ2) , (5.1.5)
d ∗ G = −1
2
G ∧ G− (2pi)4γ2X8 . (5.1.6)
As before, we start by assuming G = 0+ γG(1) +O(γ2). The Einstein equation then
reads RMN = 0 + O(γ2) and thus X is still Ricci-flat at O(γ1), that is gmn(X) =
g(0)mn(CY) +O(γ2). As for the G-equation of motion, we observe that the left hand side
of eq. (5.1.6) is exact and thus, cohomologically the equation reads
g ∧ g + 2 X8(R× X) = 0 , (5.1.7)
where the re-scaled cohomological class g ≡
[
G(1)/(2pi)2
]
was defined for later conve-
nience and the Hodge-∗ is taken with respect to the zeroth order Ricci-flat Calabi-Yau
metric g(0)mn(CY). Recall that X8 is an expression in Pontrjagin classes (see (2.2.12)), which
are by definition cohomological classes although the square brackets are sometimes
omitted in the literature. Hence, [X8] = X8. Note also, that [G ∧ G] = [G] ∧ [G].
In addition, the internal background 4-form flux obeys a flux quantisation condi-
tion [89] as a consequence of demanding single-valuedness of the path integral. This
is similar to the Dirac quantisation law for magnetic flux in Maxwell theory, but with
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subtle differences owing to the presence of the higher-order M-theory corrections. With
these subtleties, which are explained in ref. [89], the quantisation law reads
g− 1
4
p1(M) ∈ H4(M,Z) , (5.1.8)
where p1(M) is the first Pontrjagin class ofM. Specialising toM = R× X and using
the result p1(R× X) = −2c2(X) explained in appendix B.3, we conclude
g +
1
2
c2(X) ∈ H4(X,Z) , (5.1.9)
which shows that g is quantised in (half-)integer units if c2(X) is even (odd).
Returning to eq. (5.1.7), we now need to evaluate X8(R × X) for a Calabi-Yau
five-fold X. This calculation, presented in detail in appendix B.3, yields
X8(R× X) = − 124c4(X) , (5.1.10)
where c4(X) is the fourth Chern class of X. Together with the membrane contribution
from eq. (2.3.6), this leads to the following topological constraint
c4(X)− 12 g ∧ g = 24 W , (5.1.11)
where W = [C] ∈ H2(X,Z) represents the second integral homology class of the curve
C, wrapped by the membranes.
Finally, we need to consider the Killing spinor equation δe(11)ΨM = 0 at O(γ1) for
Calabi-Yau five-fold backgrounds. Since gmn(X) = g
(0)
mn(CY) +O(γ2), we expect the
gravitino transformation (2.1.19) to be corrected only at O(γ2) [21]
δe(11)ΨM = 2(D
(0)
M + γ
2D(2)M )e
(11) +
1
144
((g(0)MS(R×CY) + γ2g(2)MS)γNPQRS
− 8δNMγPQR)e(11)GNPQR +O(γ2) , (5.1.12)
where g(0)MN(R×CY) is specified by the zeroth order R× X line element
ds2 = g(0)MN(R×CY)dxMdxN = −dτ2 + g(0)mn(CY)dxmdxn . (5.1.13)
For brevity, we will henceforth denote the Ricci-flat metric g(0)mn(CY) on X simply by
gmn. We conclude that at O(γ1) the Killing spinor equation δe(11)ΨM = 0 follows from
the classical gravitino transformation law (2.1.19).
The so obtained Killing spinor equation was analysed for R × X backgrounds
in ref. [90].1 Upon insertion of the compactification ansatz for the 11-dimensional
1The analysis in ref. [90] was carried out to zeroth order in γ. Repeating the calculation at O(γ1)
is guaranteed to yield a valid solution to this order. This is however not necessarily the most general
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infinitesimal supersymmetry parameter e(11)
e(11) =
i
2
e⊗ η? − i
2
e¯⊗ η , (5.1.14)
with η being the covariantly constant spinor on X introduced in chapter 3, the internal
part δe(11)Ψm = 0 of the Killing spinor equation becomes
D(0)m η +
(2pi)2γ
288
(γmnpqr − 8δnmγpqr)η gnpqr = 0 . (5.1.15)
Here, indices are raised and lowered using gmn. The first term vanishes since η is
covariantly constant by assumption. The remaining second part is most easily analysed
in holomorphic coordinates. The real 4-form g decomposes into a sum of (p, q)-forms
(with p+q=4) according to
g = g(1,3) + g(2,2) + g(3,1) , (5.1.16)
with g(2,2) real and (g(1,3))∗ = g(3,1). With this decomposition, the transition to holo-
morphic coordinates and the annihilation condition (3.4.8), one finds for the second
part of (5.1.15)
γµ1µ2µ3η g(3,1)µ1µ2µ3 ν¯ + (γν¯
µ1µ2ρ¯1 ρ¯2 − 4δρ¯1ν¯ γµ1µ2 ρ¯2)η g(2,2)µ1µ2ρ¯1ρ¯2 = 0 . (5.1.17)
The gamma matrix products in the second expression can be simplified further by
anti-commuting the gamma matrices. One arrives at
γµ1µ2µ3η g(3,1)µ1µ2µ3ν¯ + γ
µη (4g˜(2,2)µν¯ − gµν¯ ˜˜g(2,2)) = 0 . (5.1.18)
with g˜(2,2)µν¯ = g
(2,2)
µρν¯σ¯g
ρσ¯ as defined in (A.4.25). Thus, g(3,1) and the expression in paren-
thesis must vanish separately. In fact, the expression in parenthesis implies g˜(2,2) = 0
as can be seen by taking the trace and re-inserting it into the expression.
In summary, the preservation of N = 2 supersymmetry demands that
g(3,1) = g(1,3) = g˜(2,2) = 0 . (5.1.19)
After inserting (5.1.14) and (5.1.16), changing to holomorphic coordinates and using
properties of γµ and η, the uncompactified part δe(11)Ψ0 = 0 of the Killing spinor
equation translates into the following one-dimensional equation
∂0e+
(2pi)2iγ
4!
˜˜g(2,2)e = 0 . (5.1.20)
solution at this order, since there is potentially more freedom to satisfy the uncorrected Killing spinor
equation if the fields are allowed to acquire O(γ1) corrections. This is currently under investigation.
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Imposing (5.1.19) leads to the condition e = const., which is the expected result for
R =M1, in analogy to maximally symmetric Minkowski space in higher dimensions.
Thus, settingM = R× X with metric (5.1.13), G = (2pi)2γg(2,2) with g˜(2,2) = 0 and
ΨM = 0 solves the equations of motion at order γ.
It is important to note that for a given real 4-form g, the decomposition (5.1.16) is
complex structure dependent and hence, the condition (5.1.19) imposes restrictions on
the allowed variations of the complex structure on X. In addition, the map ˜(·) depends
on the Ka¨hler class, which is therefore also affected by (5.1.19). This will be discussed
in more detail in section 5.5, but beforehand we will perform a dimensional reduction
to zeroth order in γ, that is for a backgroundM = R× X and without flux G = 0.
5.2 The bosonic reduction
In this section, we consider the Kaluza-Klein reduction of 11-dimensional supergravity,
given by (2.1.2), on a space-time manifold of the form M = R× X, where X is a
Calabi-Yau five-fold. At zeroth order in β, we start with the background configuration
ds2 = −dτ2 + gmndxmdxn , G = 0 , (5.2.1)
where gmn = gmn(xp) is the Ricci-flat metric on X and m, n . . . = 1, . . . , 10. As we saw
in the previous section, this background solves the leading order bosonic equations of
motion (5.1.1) and (5.1.2).
We now need to identify the moduli of this background. As discussed in detail in
section 3.5, the formalism to deal with Calabi-Yau five-fold moduli spaces is largely
similar to the one developed for Calabi-Yau three-folds [54]. Here, we only summarise
the essential information needed for the dimensional reduction.
As for Calabi-Yau three-folds, the moduli space of Ricci-flat metrics on Calabi-Yau
five-folds is (locally) a product of a Ka¨hler and a complex structure moduli space
respectively associated to (1, 1) and (2, 0) deformations of the metric. They can be
described in terms of harmonic (1, 1)-forms for the Ka¨hler moduli space and harmonic
(1, 4)-forms for the complex structure moduli space. We begin with the Ka¨hler moduli
which we denote by ti(τ), where i, j, . . . = 1, . . . , h1,1(X) and τ is time. They are real
scalar fields and can be defined by expanding the Ka¨hler form J on X in terms of a
basis {ωi} of H1,1(X) as
J = tiωi . (5.2.2)
The complex structure moduli are denoted by za(τ), where a, b, . . . = 1, . . . , h1,4(X),
and these are, of course, complex scalar fields.
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5.2.1 The reduction ansatz
After this preparation, the ansatz for the 11-dimensional metric including moduli can
be written as
ds2 = −1
4
N(τ)2dτ2 + gmn(ti, za, z¯a¯)dxmdxn , (5.2.3)
where N(τ) is the einbein or lapse function. The lapse function can, of course, be
removed by a time reparametrisation. However, its equation of motion in the one-di-
mensional effective theory is the usual zero-energy constraint (the equivalent of the
Friedman equation in four-dimensional cosmology; see chapter 6). In order not to miss
this constraint, we will keep N explicitly in our metric ansatz.
The zero modes of the M-theory 3-form A are obtained by an expansion in harmonic
forms, as usual. From the Hodge diamond (3.3.3) of Calabi-Yau five-folds, it is clear that
only the harmonic 2- and 3-forms on X are relevant in this context. For the latter we
also introduce a basis {νp}, where p, q, . . . = 1, . . . , h2,1(X). The zero mode expansion
for A can then be written as
A = (ξ p(τ)νp + c.c.) + Nµi(τ)ωi ∧ dτ , (5.2.4)
with h2,1(X) complex scalar fields ξ p and h1,1(X) real scalars µi. It is clear that the latter
correspond to gauge degrees of freedom since Nµi(τ)ωi ∧ dτ = d( f i(τ)ωi) with the
function f i being integrals of Nµi. Note that N enters here merely to ensure worldline
reparameterization covariance. Since the fields µi do not represent physical degrees of
freedom, the one-dimensional effective action should not depend on these modes. It
is, therefore, safe to ignore them in the above ansatz for A. Nevertheless, we will find
it instructive to keep these modes for now to see explicitly how they drop out of the
effective action.
Further zero-modes can arise from membranes if they are included in the compactifi-
cation, such as moduli of the complex curve C which they wrap and their superpartners.
Here, we will not include these additional modes but rather focus on the modes from
pure 11-dimensional supergravity.
While the way we have parametrised the zero modes of A in (5.2.4) appears to
be the most natural one, it is not actually the most well-suited ansatz for performing
the dimensional reduction. This is due to the fact that we have split a 3-form into
(2, 1)- and (1, 2)-pieces (ignoring the gauge part for the moment) the choice of which
implicitly depends on the complex structure moduli. If carried through, this leads to
an unfavourable and complicated intertwining of kinetic terms of the (2, 1)- and (1, 4)-
fields in the one-dimensional effective action (that is, terms involving products of the
like ξ˙ p z˙a etc.), which would in turn force us into attempting lengthy field re-definitions
in order to diagonalise the kinetic terms.
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It would, on the other hand, be much more economic to start out with a formulation
in which no such mixing of kinetic terms arises in the first place. Indeed, it is possible
to circumvent, yet fully capture, this complication by using real harmonic 3-forms
instead of complex (2, 1)- and (1, 2)-forms to parametrise the 3-form zero modes. Real
harmonic 3-forms can be naturally locked to 3-cycles and thus represent topological
invariants of X. In order to employ them in the ansatz for A, we first need to introduce
a basis {NP}P=1,...,b3(X) of real harmonic 3-forms on X. Instead of (5.2.4), we can then
write
A = XP (τ)NP + Nµi(τ)ωi ∧ dτ , (5.2.5)
with b3(X) = 2h2,1(X) real scalar fields XP and h1,1(X) real scalars µi. The two ansa¨tze
for A are readily related by using the linear maps A and B introduced in section 3.5.1.
Inserting eqs. (3.5.35)-(3.5.36) into eqs. (5.2.4)-(5.2.5), we learn how the two formulations
are related at the level of zero mode fields
ξ p = XQBQp (and c.c.), (5.2.6)
XP = ξqAqP + ξ¯ q¯A¯q¯P . (5.2.7)
For the reasons outlined above, we henceforth adopt the 3-form formulation. At each
step of the calculation, one may, of course, revert if desired to the complex (2, 1)-form
formulation using eqs. (3.5.35)-(3.5.36), (5.2.6)-(5.2.7) and the results of section 3.5.1.
The A and B matrices turn out to be an effective way to parametrise our ignorance
of the actual dependence of the (2, 1)-forms on the complex structure moduli and it
would be nice to find explicit expressions instead. However, we are not aware of a
method to calculate this dependence explicitly.
5.2.2 Computing the one-dimensional effective action
Returning to the metric ansatz in (5.2.3), we now compute the 11-dimensional Ricci
scalar R. As usual, for given values of the complex structure moduli, we introduce local
holomorphic coordinates zµ on X, where µ, ν, . . . = 1, . . . , 5, so that the metric is purely
(1, 1), that is the components gµν¯ are the only non-vanishing ones and consequently,
the 11-dimensional line element becomes
ds2 = −1
4
N(τ)2dτ2 + 2gµν¯(ti, za, z¯a¯)dzµdz¯ν¯ . (5.2.8)
The factor of 2 in the second term is a consequence of our transition to holomorphic
coordinates as described in appendix A.4 (in particular, see eqs. (A.4.5) and (A.4.6)).
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The Christoffel symbol ΓLMN ≡ 12 gLP (gPN,M + gPM,N − gMN,P) for this ansatz yields
Γ000 = N
−1N˙ , Γ0µν = 2N−2 g˙µν , Γ0µν¯ = 2N−2 g˙µν¯ ,
Γµ0ν =
1
2
gµρ¯ g˙νρ¯ , Γ
µ
0ν¯ =
1
2
gµρ¯ g˙ν¯ρ¯ , Γ
ρ
µν = gρσ¯gµσ¯,ν = Γ˜
ρ
µν ,
(5.2.9)
where here and in the following the dot denotes the derivative with respect to τ and
the tilde denotes purely 10-dimensional quantities on X. The complex conjugates of
the above components are, of course, also present and all other components vanish
identically. Note that even though one may choose the metric to be hermitian, this is
not true for its variations precisely because they may change the complex structure and
thereby the Hermiticity condition. Explicit expressions for the metric variations were
stated in (3.5.8) and we will insert them in a moment.
Next, we will work out the Riemann tensor RMNPQ. Since we are ultimately inter-
ested in the Ricci scalar R ≡ gMN RMN , we only need certain components of RMNPQ.
For our R× X ansatz,
R = g00R00 + 2gµν¯Rµν¯ , (5.2.10)
where the Ricci tensor RMN is generally defined as RMN ≡ gPQRMPNQ and in our case,
it becomes
R00 = 2gµν¯R0µ0ν¯ , Rµν¯ = g00R0µ0ν¯ + 2gρσ¯Rµ(ρ|ν¯|σ¯) . (5.2.11)
We thus only need three components of the Riemann tensor, namely R0µ0ν¯, Rµρν¯σ¯ and
Rµσ¯ν¯ρ, to determine R
R = 4g00gµν¯R0µ0ν¯ + 4gµν¯gρσ¯Rµ(ρ|ν¯|σ¯) . (5.2.12)
Using the standard formula from general relativity
RMNPQ =
1
2
(gMQ,NP + gNP,MQ − gMP,NQ − gNQ,MP) + gRS
(
ΓRNPΓ
S
MQ − ΓRNQΓSMP
)
,
(5.2.13)
we find
R0µ0ν¯ = −12 g¨µν¯ −
1
2
N−1N˙g˙µν¯ +
1
2
gρσ¯ g˙µ(σ¯ g˙ρ)ν¯ , (5.2.14)
Rµρν¯σ¯ = 2N−2 g˙µ[ν¯ g˙ |ρ|σ¯] + R˜µρν¯σ¯ , (5.2.15)
Rµσ¯ν¯ρ = 2N−2 g˙µ[ν¯ g˙ ρ]σ¯ + R˜µσ¯ν¯ρ . (5.2.16)
This leads to
1
2
N2R = 4N2
d
dτ
(
N−2gµν¯ g˙µν¯
)
+ gµρ¯gνσ¯ g˙µσ¯ g˙νρ¯ + gµρ¯gσν¯ g˙µσ g˙ν¯ρ¯
+ 2gµν¯ g˙µν¯gσρ¯ g˙σρ¯ + 4N−1N˙gµν¯ g˙µν¯ , (5.2.17)
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where terms containing R˜µν¯ have been dropped because gµν¯ is Ricci-flat. Into this
expression, we have to insert the expansion of the metric (3.5.8) which can also be
written as
g˙µν¯ = −iωi,µν¯ t˙i , g˙µν = − 112||Ω||2Ωµ
µ¯1 ...µ¯4χa,µ¯1 ...µ¯4ν z˙
a , g˙µ¯ν¯ =
(
g˙µν
)∗ . (5.2.18)
Here {χa}, where a, b, . . . = 1, . . . , h1,4(X), is a basis of harmonic (1, 4)-forms and the
comma in the subscripts of the forms ω and χ separates moduli space from Calabi-Yau
indices and is not to be confused with the shorthand for differentiation used elsewhere.
Further, we need the field strength G = dA (keeping in mind that d is the 11-dimen-
sional exterior derivative d = dτ∂0 + d˜) for the three-form ansatz (5.2.5) and its Hodge
dual which are given by
G = X˙Pdτ ∧ NP , ∗G = −N−1X˙PJPQNQ ∧ J2 . (5.2.19)
To derive the second equation we have used the result (3.5.44) for the dual of a real
3-form on a Calabi-Yau five-fold.
Inserting the ansa¨tze (5.2.5) and (5.2.8) together with the last three equations into
the bosonic action (2.1.2) and integrating over the Calabi-Yau five-fold, one finds the
bosonic part of the one-dimensional effective action
SB,kin =
l
2
∫
dτN−1
{
1
4
G(1,1)ij (t)t˙
i t˙j +
1
2
G(3)PQ(t, z, z¯)X˙
P X˙Q + 4V(t)G(1,4)ab¯ (z, z¯)z˙
a ˙¯zb¯
}
(5.2.20)
at order zero in the β expansion. Here l = v/κ211, v is an arbitrary reference volume of
the Calabi-Yau five-fold2 and a total derivative term has been dropped. The moduli
space metrics in the (1, 1), (1, 4) and 3-form sectors are given by
G(1,1)ij (t) = 4
∫
X
ωi ∧ ∗ωj + 8Vw˜iw˜j , (5.2.21)
G(1,4)ab¯ (z, z¯) =
∫
X χa ∧ χ¯b¯∫
X Ω ∧ Ω¯
, (5.2.22)
G(3)PQ(t, z, z¯) =
∫
X
NP ∧ ∗NQ , (5.2.23)
where ω˜i = gµν¯ωi,µν¯.
5.2.3 Physical moduli space metrics
Since h1,1(X) need not be even, G(1,1)ij is a genuinely real metric that cannot be com-
plexified in general. This is compatible with the anticipated N = 2 supersymmetry in
2Related factors of 1/v should be included in the definition of the moduli space metrics (5.2.21)-(5.2.23)
but will be suppressed in order to avoid cluttering the notation. These factors can easily be reconstructed
from dimensional analysis.
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one dimension, which only demands target spaces of sigma models to be Riemannian
manifolds [66]. Using the results of section 3.5, these metrics can be computed as
functions of the moduli. In the (1, 1) sector we have
G(1,1)ij (t) = 8V
[
G(1,1)ij (t)− 25
κiκj
κ2
]
= −2
3
κij − 56
κiκj
κ
, (5.2.24)
where κ, κi, κij etc. were defined in (3.5.13)-(3.5.16).
The standard moduli space metric G(1,1)ij , as defined in section 3.5, can be obtained
from the Ka¨hler potential K(1,1) = − 12 ln κ as G(1,1)ij = ∂i∂jK(1,1). We note that the
physical sigma model metric (5.2.24) differs from the standard moduli space metric
G(1,1)ij by a term proportional to κiκj and a rescaling by the volume. The latter is not really
required at this stage and can be removed by a redefinition of time τ but it will turn out
to be a useful convention in the full supersymmetric version of the effective action. The
additional term, however, cannot be removed, for example by a re-scaling of the fields ti.
As a consequence, unlike the standard moduli space metric, the physical metric is not
positive definite. Rather, G(1,1) has a Lorentzian signature (−1,+1, . . . ,+1). This is in
contrast to, for example, M-theory compactifications on Calabi-Yau three-folds [54, 91]
where the sigma model metric in the (1, 1) sector is identical to the standard moduli
space metric and, in particular, is positive definite. In the present case, the appearance
of a single negative direction is, of course, not a surprise. Our sigma model metric in
the gravity sector can be though of as a “mini-superspace” version of the DeWitt-metric,
which is well-known to have precisely one negative eigenvalue [92] (see chapter 6,
for more details). Here, we see that this negative direction lies in the (1, 1) sector.
Another difference to the Calabi-Yau three-fold case is the degree of the function κ. For
Calabi-Yau three-folds, κ is a cubic while, in the present case, it is a quintic polynomial.
We now turn to the (1, 4) moduli space metric G(1,4)ab¯ which is, in fact, equal to the
standard moduli space metric in this sector and can, hence, be expressed as
G(1,4)ab¯ = ∂a∂b¯K
(1,4) , K(1,4) = ln
[
i
∫
X
Ω ∧ Ω¯
]
(5.2.25)
in terms of the Ka¨hler potential K(1,4). This is very similar to the three-fold case. In
particular, G(1,4)ab¯ is positive definite as it should be, given that the single negative
direction arises in the (1, 1) sector.
Finally, in the 3-form sector one finds from the results in section 3.5.1 that the metric
can be written as
G(3)PQ(t, z, z¯) =
1
2
J(P RdQ)Rijtitj , dPQij =
∫
X
NP ∧ NQ ∧ωi ∧ωj , (5.2.26)
where we have introduced the intersection numbers dPQij = −dQP ij, which are purely
topological. The metric (5.2.26) is Hermitian with respect to the complex structure J
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(see eq. (3.5.52)).
This completes the definition of all objects which appear in the action (5.2.20).
5.2.4 What about µi?
We see that this action does not depend on the gauge degrees of freedom µi which ap-
pear in the ansatz (5.2.4) for the three-form A, as should be the case. This demonstrates
µi independence at zeroth order in β. To see the contributions from µi, we need to jump
ahead and temporarily include the order β terms in our consideration. At first order in
β, there are three terms in the 11-dimensional theory, all of them topological, which
contribute to µi dependent terms in one dimension. These are the Chern-Simons term
A∧G∧G in the bosonic CJS action (2.1.2) (ifO(γ)-flux is non-zero), the Green-Schwarz
term (2.2.11) and the Wess-Zumino term in the membrane action eq. (2.3.4). Evaluating
these three terms leads to the one-dimensional contribution
SB,gauge = − lβ12
∫
dτ N [12 g ∧ g + 24 W − c4(X)]i µi , (5.2.27)
where β1 = (2pi)4β/v4/5 is the one-dimensional version of the expansion parameter β.
The notation [. . .]i indicates the components of the eight-form in brackets with respect
to a basis {ωˆi} of harmonic 8-forms dual to the harmonic 2-forms {ωi} or, in other
words, [. . .]i =
∫
X[. . .] ∧ωi.
Hence, at order β the µi dependent terms do not automatically vanish. However,
the bracket in eq. (5.2.27) vanishes once the integrability condition (5.1.11) is imposed.
Put in a different way, the equation of motion for µi from eq. (5.2.27) is simply the
integrability condition (5.1.11)
12 g ∧ g + 24 W − c4(X) = 0 . (5.2.28)
Therefore, the roˆle of the gauge modes µi is to enforce the integrability condition at
the level of the equations of motion and, once the condition is imposed, the gauge
modes disappear from the action as they should. The condition (5.1.11) can, therefore,
also be interpreted as an anomaly cancellation condition which has to be satisfied in
order to prevent a gauge anomaly of the M-theory 3-form A along the Calabi-Yau (1, 1)
directions.
5.3 The fermionic reduction
One may ask if an explicit dimensional reduction of the fermionic part of the 11-dimen-
sional action (2.1.1) is really necessary, for in many other cases, once the bosonic terms in
the effective action are known the fermionic ones can be inferred from supersymmetry.
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In the present case, there are a number of reasons why reducing at least some of the
fermionic terms might be useful.
First of all, the structure of the bosonic action (2.1.2) points to some features of
one-dimensionalN = 2 supersymmetry which are not well-developed in the literature.
For example, the bosonic action (5.2.20) indicates a coupling between the two main
types of N = 2 supermultiplets, the 2a and 2b multiplets, which, to our knowledge,
has not been worked out in the literature.
Also, in section 5.2, we have seen that it is important to keep the lapse function as a
degree of freedom in the one-dimensional theory, as it generates an important constraint.
In the context of supersymmetry, the lapse is part of the one-dimensional supergravity
multiplet which one expects to generate a multiplet of constraints. Therefore, even
though gravity is not dynamical in one dimension, we need to consider local one-
dimensional N = 2 supersymmetry as developed in chapter 4.
At any rate, given that the relevant supersymmetry is not as well established as in
some other cases, it seems appropriate to back up our results by reducing some of the
11-dimensional fermionic terms as well. We will indeed encounter a surprise, namely
the appearance of purely fermionic (1, 3) zero modes without any matching bosons,
which retrospectively justifies the additional effort of a fermionic reduction. This feature
is somewhat puzzling from the point of view of higher-dimensional supersymmetry
and can certainly not be clarified from the bosonic effective action alone.
In this section, we will, therefore, reduce the terms in the 11-dimensional action
quadratic in fermions. These results together with the bosonic action are sufficient to
uniquely fix the one-dimensional action in superspace form and, in addition, provide
us with a number of independent checks. Four-fermi terms in the one-dimensional
theory are then obtained from the superspace action and we will not derive them by
reduction from 11 dimensions.
5.3.1 The gravitino zero modes ansatz
We start by writing down a zero mode expansion of the 11-dimensional gravitino ΨM
on the space-timeM = R× X. The covariantly constant, positive chirality spinor on
X is denoted by η and its negative chirality counterpart by η? (for a summary of our
spinor conventions see appendix A.2). The spinor η is characterised by the annihilation
conditions γµ¯η = 0. Further, by ω(p,q)i we denote the harmonic (p, q) forms on X.
Then, following the known rules for writing down a fermionic zero mode ansatz (see
eq. (3.4.11) and refs. [52, 93]), we have
Ψ0 = ψ0(τ)⊗ η? + ψ¯0(τ)⊗ η, (5.3.1)
Ψµ¯ =∑
p,q
ζ
(i)
(p,q)(τ)⊗ (ω
(p,q)
(i),α1...α(p) β¯1 ...β¯(q−1)µ¯
γα1 ...α(p) β¯1...β¯(q−1)η)
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+∑
p,q
ζ
′(i)
(p,q)(τ)⊗ (ω
(p,q)
(i),α1...α(p) β¯1 ...β¯(q−1)µ¯
γα1 ...α(p) β¯1...β¯(q−1)η?), (5.3.2)
Ψµ = (Ψµ¯)∗ . (5.3.3)
Here, ζ(i)(p,q) and ζ
′(i)
(p,q) are one-dimensional complex fermions which represent the zero-
modes in the (p, q) sector of the Calabi-Yau five-fold and ψ0 is the one-dimensional
gravitino. The sums over (p, q) in (5.3.2) run over all non-trivial cohomology groups
of the Calabi-Yau five-fold. Let us discuss the various (p, q) sectors in the first sum
in (5.3.2) in detail. For (p, q) = (1, 4) the number of annihilating gamma matrices, γµ¯
exceeds the number of creating ones, γµ, and, as a result, this term vanishes. Further,
for all cases with q = p + 1 the number of creation and annihilation gamma matrices
is identical. Anti-commuting all γµ¯ to the right until they annihilate η one picks up
inverse metrics gµν¯ which ultimately contract the harmonic (p, p + 1) forms ω(p,p+1)i to
harmonic (0, 1) forms. Since the latter do not exist on Calabi-Yau five-folds all terms
with q = p + 1 vanish. This leaves us with the cases where p ≥ q. Among those, only
the terms with (p, q) = (2, 2), (3, 2) contain both creation and annihilation matrices.
For (p, q) = (2, 2), anti-commuting leads to a single inverse metric which converts
the harmonic (2, 2)-forms into harmonic-(1, 1) forms. Therefore, the (2, 2)-part can
effectively be absorbed into the (1, 1) term and does not need to be written down
independently. The same argument applies to the (3, 2)-part which can be absorbed
into the (2, 1) contribution. By the gamma matrix structure and the annihilation
property of η? all but the (5, 0) term in the second sum in (5.3.2) vanish. Using the Fierz
identity (3.4.12), the (5, 0) term in the second sum can be converted into a term with the
(1, 1) structure of the first sum and can, hence, be absorbed by the (1, 1) contribution.
In summary, all we need to write down explicitly are the (p, q) terms with q = 1 and
p = 1, 2, 3, 4.
For the same reason as explained in the previous subsection on the bosonic reduc-
tion, it is advantageous to use the real 3-form formulation, developed in section 3.5.1,
to capture the dynamics of the (2, 1)-sector while avoiding off-diagonal kinetic terms
mixing in time derivatives of (4, 1)-fields.
Similarly, we will use the real 4ˆ-form formulation, also described in section 3.5.1,
in the (1, 3)-sector. A general 4-form, which is always purely topological, can be
decomposed into (1, 3), (3, 1) and (2, 2) pieces using the complex structure of the
Calabi-Yau five-fold X. Henceforth, we will restrict our attention to Calabi-Yau five-
folds whose (2, 2)-forms are completely generated by the product of two (1, 1)-forms.
All the concrete examples of Calabi-Yau five-folds considered in this chapter are of
this type. In this case, the (2, 2)-piece of a real 4-form can be split off from the rest in
a complex structure independent way and the fate of the (2, 2)-part of the gravitino
ansatz is as described in the previous paragraph. As a shorthand, we will refer to
a 4-form that only comprises a (1, 3) and a (3, 1) piece as a 4ˆ-form and given the
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restriction on h2,2(X), this restriction is also purely topological. The 4ˆ-forms are thus
well-suited to describe the (1, 3) + (3, 1)-sector of the reduction in a way independent
of the complex structure moduli. To this end, it is convenient to choose a particular
basis of real 4-forms, {OX }X=1,...,b4(X), such that the first 2 h1,3(X) 4-forms, denoted
{OXˆ }Xˆ=1,...,2h1,3(X), only contain (1, 3) and (3, 1)-pieces and the remaining h2,2(X) 4-
forms, denoted {OX˜ }X˜=1,...,h2,2(X), only contain (2, 2)-parts. This basis choice is complex
structure independent for the class of manifolds under consideration. The 4ˆ-forms
then lie in the sub-vector space spanned by {OXˆ }. For a general Calabi-Yau five-fold,
a more complicated intertwining of the Ka¨hler and complex structure moduli with
the (1, 3)-fields arises leading to additional interaction terms in the one-dimensional
effective action. It should be appreciated that this is a relatively mild restriction as it
only affects the (1, 3)-sector’s couplings to fields of other sectors. Our analysis of all
other sectors by themselves does not rest on this restriction.
After some relabelling, adopting the notation in section 3.5 for the harmonic forms
and introducing numerical factors for later convenience, the gravitino ansatz now reads
Ψ0 = ψ0(τ)⊗ η? + ψ¯0(τ)⊗ η, (5.3.4)
Ψµ¯ = ψi(τ)⊗ (ωi,α1µ¯γα1η) +
i
4
ΛP (τ)⊗ (NP ,α1α2µ¯γα1α2η)
+
1
4
Υ¯Xˆ (τ)⊗ (OXˆ ,α1...α3µ¯γα1 ...α3η)−
1
4!
κ¯ a¯(τ)⊗ (||Ω||−1χ¯a¯,α1 ...α4µ¯γα1 ...α4η), (5.3.5)
Ψµ = (Ψµ¯)∗, (5.3.6)
The four terms in (5.3.5) correspond to the (1, 1), (2, 1), (3, 1) and (4, 1) sectors, respec-
tively. The harmonic (1, 1)-forms are denoted by ωi, where i, j, . . . = 1, . . . , h1,1(X),
the real 3-forms are denoted by NP , where P ,Q, . . . = 1, . . . , b3(X), the real 4ˆ-forms
by OXˆ , where Xˆ , Yˆ , . . . = 1, . . . , 2h1,3(X) and the (1, 4)-forms by χa, where a, b, . . . =
1, . . . , h1,4(X). In the same order, the associated zero modes, which are complex one-
dimensional fermions, are denoted by ψi, ΛP , ΥXˆ and κa.
It is clear that the number of zero modes cannot be reduced any further and that
these four types of modes are independent. Three of them, the (1, 1), 3-form and (1, 4)
modes pair up with corresponding bosonic zero modes in the same sectors. The 4ˆ-form
modes, however, have no bosonic zero mode partners and one of our tasks will be
to understand how they can be incorporated into a supersymmetric one-dimensional
effective theory.
Had we written the second term in (5.3.5) in (2, 1)-language Ψµ¯ = . . .− 1/4λp(τ)⊗
(νp,α1α2µ¯γ
α1α2η) + . . ., we would have identified a set of h2,1(X) complex one-dimensio-
nal fermions in this sector. From (5.3.5) however, there appear to be b3(X) = 2h2,1(X)
complex one-dimensional fermions. This apparent factor of two discrepancy in the
number of degrees of freedom is resolved by observing that a successive insertion of
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eqs. (3.5.35)-(3.5.38) into the second term in (5.3.5) leads to a constraint in the form of a
projection condition on the 3-form fermions ΛP
P+PQΛP = ΛQ , (and: P−PQΛ¯P = Λ¯Q) , (5.3.7)
where the projectors P±PQ were defined in (3.5.46). This condition, which is equivalent
to P−PQΛP = 0, precisely halves the number of degrees of freedom so as to match the
counting in (2, 1)-language. In other words, there are 1/2 b3(X) = h2,1(X) complex
one-dimensional fermions in this sector. It can be shown that this constraint also applies
to the time derivative and supersymmetry transformation of ΛP
P+PQΛ˙P = Λ˙Q , P+PQ(δeΛP ) = δeΛQ , (5.3.8)
implying in particular that the projection operators commute with both supersymmetry
and time translation when acting on ΛP[
P±PQ, ∂0
]
ΛP = 0 ,
[
P±PQ, δe
]
ΛP = 0 . (5.3.9)
The projection condition is thus preserved under both operations as is required by con-
sistency. Eqs. (5.3.7)-(5.3.9) will play important roˆles in finding the correct superspace
formulation for this sector later in section 5.4.
By complete analogy, we learn that the 4ˆ-form sector really only contains h1,3(X)
complex one-dimensional fermions and not 2 h1,3(X) as is suggested by the third term
in (5.3.5). By using eqs. (3.5.60) and (3.5.62) and the third term in (5.3.5), we infer
P+Yˆ
XˆΥYˆ = ΥXˆ , (and: P−Yˆ
Xˆ Υ¯Yˆ = Υ¯Xˆ ) , (5.3.10)
thereby halving the number of degrees of freedom. The projection operators P±Yˆ
Xˆ
were defined in (3.5.72). Eq. (5.3.10) implies
P+Yˆ
Xˆ Υ˙Yˆ = Υ˙Xˆ ,
[
P±Yˆ
Xˆ , ∂0
]
ΥYˆ = 0 , (5.3.11)
P+Yˆ
Xˆ (δeΥYˆ ) = δeΥXˆ ,
[
P±Yˆ
Xˆ , δe
]
ΥYˆ = 0 (5.3.12)
guaranteeing the preservation of the projection condition under time translation and
supersymmetry. The compatibility conditions (5.3.11)-(5.3.12) are, of course, required
for consistency.
To summarise, we list in table 5.1 the various zero modes arising from an M-theory
reduction. The bosonic zero modes from section 5.2.1 are also included in order to
provide a precursor of how these fields pair up into supermultiplets as will be presented
in section 5.4.
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cohomology bosonic zero modes fermionic zero modes
H1,1(X) h1,1(X) real, Ka¨hler moduli h
1,1(X) complex,
from gravitino
H1,2(X) h1,2(X) complex, from 3-form h
1,2(X) complex,
from gravitino
H1,3(X) − h
1,3(X) complex,
from gravitino
H2,2(X) − −
H1,4(X) h1,4(X) complex structure moduli h
1,4(X) complex,
from gravitino
H2,3(X) − −
Table 5.1: Summary of zero modes arising from an M-theory reduction on a Calabi-Yau
five-fold X.
5.3.2 Performing the fermionic reduction
Before reducing the fermionic terms, we need explicit expressions for the vielbein, its
time derivative and the spin connection. In particular, it should be kept in mind that the
gravitino ansatz (5.3.4)–(5.3.6) implicitly depends on the vielbein since the curved index
gamma matrices γµ that appear have to be replaced by flat index gamma matrices γµ
via γµ = eµνγν.
We begin with the vielbein. From the metric ansatz (5.2.3) with the 10-dimensional
metric taken to be purely (1, 1) its non-zero components are e00 = −N/2, eµν and eµ¯ ν¯,
so that gµν¯ = eµρeν¯ σ¯ηρσ¯ is the Ricci-flat metric on the Calabi-Yau five-fold. Of course,
the 10-dimensional part of the vielbein depends on the Calabi-Yau Ka¨hler moduli ti(τ)
and the complex structure moduli za(τ) and, hence, its time-derivative is non-zero.
From the time derivative (5.2.18) for the metric one finds
e˙µν = − i2ωi,µ
ρeρν t˙i , (5.3.13)
e˙µν¯ = − 112||Ω||2Ωµ
µ¯1...µ¯4χa,µ¯1 ...µ¯4ρe
ρν¯ z˙a , (5.3.14)
and similarly for the complex conjugates. From the equations above together with (5.2.9)
and the covariant constancy of the vielbein
∇MeN P = ∂MeN P − ΓQMNeQP +ωMPQeN Q = 0 , (5.3.15)
we find expressions for the 11-dimensional spin-connection ωN QR. Its only non-zero
components are given by
ωµ
ν0 = −iN−1ωi,µρeρν t˙i , (5.3.16)
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ωµ
ν¯0 = − 1
6||Ω||2 N
−1Ωµµ¯1 ...µ¯4χa,µ¯1 ...µ¯4ρe
ρν¯ z˙a , (5.3.17)
plus their complex conjugates and the components ωmnp of the Calabi-Yau spin con-
nection, computed from the 10-dimensional vielbein emn. The complex conjugates
of the components listed above are, of course, also present. The components of the
11-dimensional covariant derivative DM defined in (2.1.5) then become
D0 = ∂0 , (5.3.18)
Dµ = D˜µ +
i
2
N−1ωi,µν¯ t˙iγν¯Γ0 +
1
12||Ω||2 N
−1Ωµµ¯1 ...µ¯4χa,µ¯1 ...µ¯4ν z˙
aγνΓ0 , (5.3.19)
Dµ¯ = (Dµ)∗ , (5.3.20)
where D˜µ is the covariant derivative on the Calabi-Yau five-fold.
Inserting the gravitino ansatz (5.3.4)-(5.3.6) into the fermionic action (2.1.8) produces
a vast number of terms – even when restricting to terms quadratic in fermions. Each
of these terms contains a product of a certain number of gamma matrices sandwiched
between two spinors η or η?. Luckily, on a Calabi-Yau five-fold there only exist a very
limited number of non-vanishing such spinor bilinears, namely η†η, Jµν¯, Ωµ1...µ5 and
their complex conjugates (see section 3.4 for details). As a result, many terms in the
reduction vanish immediately, due to their gamma matrix structure. The remaining
terms can be split into two types. The first type leads to one-dimensional fermion
kinetic terms and such terms originate from the 11-dimensional Rarita-Schwinger term
in the action (2.1.8). The second type leads to one-dimensional Pauli terms, that is
couplings between two fermions and the time derivative of a boson, which descend
from all the remaining terms in the action (2.1.8), quadratic in fermions.
After inserting the gravitino ansatz and integrating over the Calabi-Yau manifold,
the Rarita-Schwinger term gives rise to the following fermion kinetic terms3
SF,kin = − l2
∫
dτ
i
2
{
G(1,1)ij (t)(ψ
i ˙¯ψj − ψ˙iψ¯j) + G(3)PQ(t, z, z¯)(ΛP ˙¯ΛQ − Λ˙P Λ¯Q)
+3G(4ˆ)Xˆ Yˆ (t)(Υ
Xˆ ˙¯ΥYˆ − Υ˙Xˆ Υ¯Yˆ ) + 4V(t)G(1,4)ab¯ (z, z¯)(κa ˙¯κb¯ − κ˙aκ¯b¯)
}
. (5.3.21)
Here, G(1,1)ij , G
(3)
PQ and G
(1,4)
ab¯ are the moduli space metrics for the (1, 1), 3-form and (1, 4)
bosons exactly as defined in the previous section (see eqs. (5.2.21)-(5.2.23)). Since there
are no 4ˆ-form bosons, we have not yet encountered the metric G(4ˆ)Xˆ Yˆ . It is given by
G(4ˆ)Xˆ Yˆ (t) =
∫
X
OXˆ ∧ ∗OYˆ = −dXˆ Yˆ iti , dXˆ Yˆ i =
∫
X
OXˆ ∧OYˆ ∧ωi (5.3.22)
3For an illustrative example of how the fermionic reduction is performed explicitly, the reader is
referred to appendix B.4. There, we provide a step-by-step explanation of how the kinetic term for the
(1, 1)-fermions (that is, the first term in (5.3.21)) is calculated from 11 dimensions.
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in terms of the intersection numbers dXˆ Yˆ i = dYˆ Xˆ i, which are purely topological for the
class of five-folds we are considering. To evaluate ∗OYˆ in the above integral we have
used the result for the Hodge dual of 4ˆ-forms from eq. (3.5.68).
Reducing the other fermion bilinear terms in the 11-dimensional action (2.1.8), we
find for the Pauli terms
SF,Pauli =
l
2
∫
dτ
{
i
2
N−1G(1,1)ij (t)(ψ
iψ0 + ψ¯iψ¯0)t˙j +
i
2
G(1,1)ij,k (t)(ψ
kψ¯i + ψ¯kψi)t˙j
+iN−1G(3)PQ(t, z, z¯)(Λ
Pψ0 + Λ¯P ψ¯0)X˙Q + iG
(3)
PQ,i(t, z, z¯)(ψ
iΛ¯P + ψ¯iΛP )X˙Q
− i
2
G(3)PQ,a(t, z, z¯)Λ
P Λ¯Qz˙a + G(3)PQ,a(t, z, z¯)κ
aΛ¯P X˙Q
+
i
2
G(3)PQ,a¯(t, z, z¯)Λ
P Λ¯Q ˙¯za¯ − G(3)PQ,a¯(t, z, z¯)κ¯ a¯ΛP X˙Q
+2iVG(1,4)ab¯,c (z, z¯)κ
aκ¯b¯ z˙c − 2iVG(1,4)ab¯,c¯ (z, z¯)κaκ¯b¯ ˙¯zc¯
−4N−1VG(1,4)ab¯ (z, z¯)(ψ0κa ˙¯zb¯ − ψ¯0κ¯b¯ z˙a)
− 1
3!
KiG
(1,4)
ab¯ (z, z¯)(ψ
iκ¯b¯ z˙a − ψ¯iκa ˙¯zb¯)
}
.
(5.3.23)
This completes the dimensional reduction of the fermionic part of the 11-dimensional
action at the level of terms quadratic in fermions. Our complete result for the one-
dimensional effective action in components, four-fermi terms not included, is given by
the sum of the bosonic action (5.2.20) and the two fermionic parts (5.3.21) and (5.3.23).
Next, we need to verify that this action is indeed invariant under one-dimensional
N = 2 local supersymmetry, as it should be. In the following section, we will do this by
writing down a superspace action whose associated component action coincides with
our reduction result. This superspace action then also determines the four-fermion
terms, which we have not explicitly computed by dimensional reduction.
5.4 Migrating to supertime
In this section, we will make extensive use of the results of chapter 4 to cast the one-
dimensional effective action calculated in the two previous sections into curved N = 2
supertime.
5.4.1 N = 2 supersymmetry transformations and multiplets
First, however, we need to identify how the zero modes of M-theory on Calabi-Yau
five-folds fall into super-multiplets of one-dimensional N = 2 supersymmetry. It is
a plausible assumption that bosonic and fermionic zero modes that arise from the
same sector of harmonic (p, q)-forms on the five-fold pair up into supermultiplets.
For example, the h1,1(X) Ka¨hler moduli ti should combine with the same number
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of (1, 1) fermions ψi. Since the Ka¨hler moduli ti are real scalars the resulting h1,1(X)
supermultiplets must be of type 2a. In the (1, 4) sector, on the other hand, we have
h1,4(X) complex scalars za (the complex structure moduli) and the same number of
complex fermions κa so one expects h1,4(X) supermultiplets of type 2b. The 3-form
sector is somewhat more peculiar. There are b3(X) real scalars XP and the same
number of complex fermions ΛP fitting nicely into b3(X) 2a multiplets. However, we
also need to take into account the constraint (5.3.7) on the fermions, which halves
their number. The result is a set of constrained 2a multiplets with the same number of
degrees of freedom as 1/2 b3(X) 2b multiplets, reminding us of their original nature.
This leaves us with the 4ˆ-form fermions ΥXˆ . They have no bosonic zero mode partners
so cannot be part of either the standard 2a or 2b multiplets. The natural guess is
for them to form 2 h1,3(X) fermionic 2b multiplets. As for the 3-form fermions, there
is the constraint (5.3.10), which reduces their number by a factor of two. That is,
we have h1,3(X) complex one-dimensional fermions in this sector. Finally, the lapse
function N and the component ψ0 of the 11-dimensional gravitino should form the
one-dimensional gravity multiplet. We now verify this assignment of supermultiplets
by a reduction of the 11-dimensional supersymmetry transformations.
Our task is to reduce the 11-dimensional supersymmetry transformations (2.1.16)-
(2.1.19) for the metric ansatz (5.2.3), the associated spin connection (5.3.16)-(5.3.17),
the three-form ansatz (5.2.4) and the gravitino ansatz (5.3.4)–(5.3.6). We denote the
spinor parametrising 11-dimensional supersymmetry transformations by e(11) in order
to distinguish it from its one-dimensional counterpart e. The 11-dimensional spinor
can then be decomposed as (cf. eq. (5.1.14))
e(11) =
i
2
e⊗ η? − i
2
e¯⊗ η , (5.4.1)
where η is the covariantly constant spinor on the Calabi-Yau five-fold. Inserting all
this into the 11-dimensional supersymmetry transformations and collecting terms
proportional to the same harmonic Calabi-Yau forms we find the supersymmetry
transformations of the various zero modes. For the lapse function N and the time
component ψ0 of the gravitino they are
δeN = −eψ¯0, δeψ0 = ie˙, δeψ¯0 = 0
δe¯N = e¯ψ0, δe¯ψ0 = 0, δe¯ψ¯0 = −i ˙¯e .
(5.4.2)
These transformations are identical to the one for a one-dimensional N = 2 supergrav-
ity multiplet as can be seen by comparing with section 4.3.
For the other zero modes, we find the supersymmetry transformations
(1, 1) : δeti = −eψi, δeψi = 0, δeψ¯i = i2 N
−1et˙i + . . . , (5.4.3)
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3-form : δeXP = −eΛP , δeΛP = 0, δeΛ¯P = iN−1eP−QP X˙Q + . . . , (5.4.4)
4ˆ-form : δeΥXˆ = 0+ . . . , δeΥ¯Xˆ = 0, (5.4.5)
(1, 4) : δeza = ieκa, δe z¯a¯ = 0, δeκa = 0, δeκ¯ a¯ = N−1e ˙¯za¯ + . . . , (5.4.6)
and similarly for the e¯-variation. The dots indicate terms cubic in fermions which
we have omitted.4 To arrive at the last equation in (5.4.4), we have performed a
compensating transformation, making use of a local fermionic symmetry. Namely, the
action (5.3.21), (5.3.23) is invariant under
δΛP = P−QP lQ , (and: δΛ¯P = P+QP l¯Q) , (5.4.7)
for a set of local complex fermionic parameters lQ, while all other fields do not trans-
form. The constraint (5.3.7) on ΛP may be viewed as a gauge choice with respect to
this symmetry. The form of the last equation in (5.4.4) then guarantees the preservation
of this gauge choice under a supersymmetry transformation as required by eq. (5.3.8).
Even though the 4ˆ-form fermions ΥXˆ are subject to the same kind of constraint (cf.
eq. (5.3.10)), there is no associated local symmetry. This is because the proof that (5.4.7)
is a symmetry crucially hinges on the Hermiticity of the 3-form metric (cf. eq. (3.5.52)),
but the 4ˆ-form metric is not Hermitian.
Again, comparing with the results for the supersymmetry transformations of the var-
ious one-dimensional N = 2 multiplets given in chapter 4, we confirm the assignment
of zero modes into supermultiplets discussed above. In particular, the transformation
of the 4ˆ-form fermions ΥXˆ indicates that they should indeed be part of fermionic 2b
supermultiplets.
To summarise these results, we write down the explicit off-shell component expan-
sion for all superfields in terms of the Calabi-Yau five-fold zero modes and appropriate
auxiliary fields. Taking into account the component structure of the various supermul-
tiplets derived in chapter 4, we have
SUGRA (2a) : E = −N − i
2
θψ¯0 − i2 θ¯ψ0, (5.4.8)
(1, 1) (2a) : Ti = ti + iθψi + iθ¯ψ¯i +
1
2
θθ¯ f i, (5.4.9)
3-form (2a) : X P = XP + iθΛP + iθ¯Λ¯P + 1
2
θθ¯gP , (5.4.10)
4ˆ-form (2b)− fermionic : RXˆ = ΥXˆ + θHXˆ + i
2
N−1θθ¯(Υ˙Xˆ − ψ0HXˆ ), (5.4.11)
4It may be a bit surprising that the transformations above do not seem to mix fields of different types
(that is (1, 1), (1, 4), etc.) despite the plethora of cross-sector interaction terms in the action. However,
this is merely an artefact due to the omission of (fermi)3 terms. That is, the sector-mixing terms in the
transformations are all of order (fermi)3, which can be seen by taking the full, off-shell supersymmetry
transformations of chapter 4 and eliminating the auxiliary fields.
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(1, 4) (2b) : Za = za + θκa +
i
2
N−1θθ¯(z˙a − ψ0κa), (5.4.12)
where f i, gP and HXˆ are bosonic auxiliary fields. These auxiliary fields can, of course,
not be obtained from the reduction (since 11-dimensional supersymmetry is realised on-
shell) and have to be included by hand. Full, off-shell supersymmetry transformations
for all the above components are given in chapter 4.
5.4.2 Supertime version of the one-dimensional effective action
Having identified the relevant supermultiplets and their components, our next step is
to write down an N = 2 superspace version of the one-dimensional effective action.
For the most part, an appropriate form for the superspace action can be guessed based
on the bosonic action (5.2.20). Basically, all one has to do is to promote the bosonic fields
in this action to their associated superfields, replace time derivatives by super-covariant
derivatives D or D¯ and integrate over superspace.
In addition, we need to implement the constraint (5.3.7) on the 3-form fermions ΛP
at the superspace level. The superpartner of the constraint (5.3.7) turns out to be
gP = N−1JQP X˙Q + N−1(ψ0ΛP − ψ¯0Λ¯P ) . (5.4.13)
Note that since the only object in this equation depending on the complex structure
moduli is JQP , it follows that JQP ,aX˙Q = 0.
Constraints (5.3.7) and (5.4.13) form a constraint multiplet and can hence be obtained
from a single complex superspace equation
P−PQ(Z, Z¯)DX P = 0 , (and c.c.) , (5.4.14)
where P−PQ(Z, Z¯) is the superspace version of the projection operator P−PQ defined
in (3.5.46). The superspace constraint (5.4.14) follows from a superspace action by
introducing a set of b3(X) complex fermionic Lagrange multiplier superfields LP
LP = L
(0)
P + θL
(1)
P + θ¯L
(2)
P +
1
2
θθ¯L(3)P . (5.4.15)
The action for the fermionic Lagrange multiplier superfields is then given by
− l
2
∫
dτd2θ E
(
LQP−PQ(Z, Z¯)DX P − L¯QP+PQ(Z, Z¯)D¯X¯ P
)
. (5.4.16)
This takes care of all but the fermionic multiplets in the 4ˆ-form sector whose superfield
action has to be inferred from the fermionic component action (5.3.21), (5.3.23). In
particular, the 4ˆ-form part of the superspace action should be such that the bosons
HXˆ in the fermionic multiplets are non-dynamical. As for the 3-form case, we need to
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implement the constraint (5.3.10) on the 4ˆ-form fermions ΥXˆ at the superspace level.
The superpartner of the constraint (5.3.10) is simply
P+Yˆ
XˆHYˆ = HXˆ , (and c.c.) . (5.4.17)
Eqs. (5.3.10) and (5.4.17) are part of a single superspace equation
P−Yˆ
Xˆ (Z, Z¯)RYˆ = 0 , (and c.c.) , (5.4.18)
which can be obtained from a superspace action principle
− l
2
∫
dτd2θ E
(
LXˆ P−Yˆ
Xˆ (Z, Z¯)RYˆ − L¯Xˆ P+Yˆ Xˆ (Z, Z¯)R¯Xˆ
)
(5.4.19)
by means of a set of 2 h1,3(X) complex fermionic Lagrange multiplier superfields LXˆ ,
which have the same component expansion as in eq. (5.4.15). P±Yˆ
Xˆ (Z, Z¯) are the
superspace versions of the projection operators P±Yˆ
Xˆ defined in (3.5.72).
Combining all this, the suggested superspace action is
S1 = − l2
∫
dτ d2θ E
{
G(1,1)ij (T)DTiD¯T j + G(3)PQ(T, Z, Z¯)DX P D¯XQ
−3G(4ˆ)Xˆ Yˆ (T)RXˆ R¯Yˆ + 4V(T)G
(1,4)
ab¯ (Z, Z¯)DZaD¯Z¯b¯
+
(
LQP−PQ(Z, Z¯)DX P + LXˆ P−Yˆ Xˆ (Z, Z¯)RYˆ + c.c.
)}
. (5.4.20)
This action can be expanded out in components using the formulæ of chapter 4. The
result can be split into (1, 1), 3-form, 4ˆ-form and (1, 4) parts by writing
S1 =
l
2
∫
dτ
{
L(1,1) + L(3) + L(4ˆ) + L(1,4)
}
. (5.4.21)
For these four parts of the Lagrangian in (5.4.21) we find, after taking into account the
constraints (5.3.7) and (5.4.13) and using the formulæ provided in section 3.5.1
L(1,1) = 1
4
N−1G(1,1)ij (t)t˙
i t˙j − i
2
G(1,1)ij (t)(ψ
i ˙¯ψj − ψ˙iψ¯j) + 1
4
NG(1,1)ij (t) f
i f j
+
i
2
N−1G(1,1)ij (t)(ψ
iψ0 + ψ¯iψ¯0)t˙j +
1
2
N−1G(1,1)ij (t)ψ0ψ¯0ψ
iψ¯j
− 1
2
NG(1,1)ij,k (t)(ψ
iψ¯j f k − ψkψ¯j f i − ψiψ¯k f j) + i
2
G(1,1)ij,k (t)(ψ
kψ¯i + ψ¯kψi)t˙j
− NG(1,1)ij,kl (t)ψiψ¯jψkψ¯l ,
(5.4.22)
L(3) = 1
2
N−1G(3)PQ(t, z, z¯)X˙
P X˙Q − i
2
G(3)PQ(t, z, z¯)(Λ
P ˙¯ΛQ − Λ˙P Λ¯Q)
+ iN−1G(3)PQ(t, z, z¯)(Λ
Pψ0 + Λ¯P ψ¯0)X˙Q + N−1G
(3)
PQ(t, z, z¯)ψ0ψ¯0Λ
P Λ¯Q
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− 1
2
NG(3)PQ,i(t, z, z¯)Λ
P Λ¯Q f i + iG(3)PQ,i(t, z, z¯)(ψ
iΛ¯P + ψ¯iΛP )X˙Q
− 1
2
G(3)PQ,i(t, z, z¯)Λ
P Λ¯Q(ψ0ψi − ψ¯0ψ¯i)− NG(3)PQ,ij(t, z, z¯)ΛP Λ¯Qψiψ¯j
− i
2
G(3)PQ,a(t, z, z¯)Λ
P Λ¯Q(z˙a − 2ψ0κa) + i2 G
(3)
PQ,a¯(t, z, z¯)Λ
P Λ¯Q( ˙¯za¯ + 2ψ¯0κ¯ a¯)
+ G(3)PQ,a(t, z, z¯)κ
aΛ¯P X˙Q − G(3)PQ,a¯(t, z, z¯)κ¯ a¯ΛP X˙Q − NG(3)PQ,ab¯(t, z, z¯)ΛP Λ¯Qκaκ¯b¯
− iNG(3)PQ,ia(t, z, z¯)ΛP Λ¯Qψ¯iκa − iNG(3)PQ,ia¯(t, z, z¯)ΛP Λ¯Qψiκ¯ a¯, (5.4.23)
L(4ˆ) = −3i
2
G(4ˆ)Xˆ Yˆ (t)(Υ
Xˆ ˙¯ΥYˆ − Υ˙Xˆ Υ¯Yˆ ) + 3NG(4ˆ)Xˆ Yˆ (t)HXˆ H¯Yˆ
+ 3iNG(4ˆ)Xˆ Yˆ ,i(t)(ψ
iΥXˆ H¯Yˆ + ψ¯iΥ¯YˆHXˆ ) +
3
2
NG(4ˆ)Xˆ Yˆ ,i(t)Υ
Xˆ Υ¯Yˆ f i
+ 3NG(4ˆ)Xˆ Yˆ ,ij(t)Υ
Xˆ Υ¯Yˆψiψ¯j − 3
2
G(4ˆ)Xˆ Yˆ ,i(t)Υ
Xˆ Υ¯Yˆ (ψ0ψi − ψ¯0ψ¯i),
(5.4.24)
L(1,4) = 4N−1VG(1,4)ab¯ (z, z¯)z˙a ˙¯zb¯ − 2iVG
(1,4)
ab¯ (z, z¯)(κ
a ˙¯κb¯ − κ˙aκ¯b¯)
− 4N−1VG(1,4)ab¯ (z, z¯)(ψ0κa ˙¯zb¯ − ψ¯0κ¯b¯ z˙a) + 4N−1VG
(1,4)
ab¯ (z, z¯)ψ0ψ¯0κ
aκ¯b¯
+ 2iVG(1,4)ab¯,c (z, z¯)κ
aκ¯b¯ z˙c − 2iVG(1,4)ab¯,c¯ (z, z¯)κaκ¯b¯ ˙¯zc¯
− 1
12
NKiG
(1,4)
ab¯ (z, z¯)κ
aκ¯b¯ f i − 2
3
NKijG
(1,4)
ab¯ (z, z¯)κ
aκ¯b¯ψiψ¯j
− 1
3!
KiG
(1,4)
ab¯ (z, z¯)ψ
iκ¯b¯(z˙a − 1
2
ψ0κ
a) +
1
3!
KiG
(1,4)
ab¯ (z, z¯)ψ¯
iκa( ˙¯zb¯ +
1
2
ψ¯0κ¯
b¯) .
(5.4.25)
We should now compare this Lagrangian with our result obtained from dimensional
reduction in the previous section. To do this, we first have to integrate out the auxil-
iary fields f i and HXˆ . A quick inspection of their equations of motion derived from
eqs. (5.4.22)-(5.4.25) shows that they are given by fermion bilinears. Hence, integrating
them out only leads to additional four-fermi terms. Since we have not computed
four-fermi terms in our reduction from 11 dimensions they are, in fact, irrelevant for
our comparison. All other terms, that is purely bosonic terms and terms bilinear in
fermions, coincide with our reduction result (5.2.20), (5.3.21) and (5.3.23). This shows
that eq. (5.4.20) is indeed the correct superspace action.
Both the lapse function N and the gravitino ψ0 are non-dynamical and their equa-
tions of motion lead to constraints. For the lapse, this constraint implies the vanishing
of the Hamiltonian associated with the Lagrangian (5.4.22)-(5.4.25) and it reads (after
integrating out the (1, 1) and 4ˆ-form auxiliary fields f i and HXˆ )
1
4
G(1,1)ij (t)(t˙
i + 2iψiψ0 + 2iψ¯iψ¯0)t˙j +
1
2
G(3)PQ(t, z, z¯)(X˙
P + 2iΛPψ0 + 2iΛ¯P ψ¯0))X˙Q
+ 4VG(1,4)ab¯ (z, z¯)(z˙
a ˙¯zb¯ − ψ0κa ˙¯zb¯ + ψ¯0κ¯b¯ z˙a) + (fermi)4 = 0 . (5.4.26)
The equation of motion for ψ0 generates the superpartner of this Hamiltonian constraint
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Name WR transformation τ → τ′(τ)
scalar za → za ′(τ′) = za(τ)
co-vector N → N′(τ′) = ∂τ∂τ′ N(τ)
spin-1/2 κa → κa ′(τ′) = κa(τ)
spin-3/2 ψ0 → ψ′0(τ′) = ∂τ∂τ′ψ0(τ)
Table 5.2: Worldline reparametrisation (WR) covariance.
and implies the vanishing of the supercurrent.
5.4.3 Symmetries of the one-dimensional effective action
Let us now discuss some of the symmetries of the above one-dimensional action.
The action (5.4.20) is manifestly invariant under super-worldline reparametrizations
{τ, θ, θ¯} → {τ′(τ, θ, θ¯), θ′(τ, θ, θ¯), θ¯′(τ, θ, θ¯)}, which, in particular, includes worldline
reparametrisations τ → τ′(τ) (that is, one-dimensional diffeomorphisms) and local
N = 2 supersymmetry. Note that the super-determinant of the supervielbein E ,
which transforms as a super-density, is precisely what is needed to cancel off the
super-jacobian from the change of dτ d2θ, so that dτ d2θ E is an invariant measure.
In particular, the theory is invariant under worldline reparametrizations, τ → τ′(τ)
which can be regarded as a remnant of the diffeomorphism invariance of the 11-
dimensional action (2.2.10). Here, the lapse function N plays the same roˆle as the
“vielbein” and it transforms as a co-vector under worldline reparametrizations. The
transformation properties of the different types of component fields under worldline
reparametrisations are summarised in table 5.2. The bosonic matter fields ti, XP and
za and the bosonic auxiliary fields f i, gP and HXˆ transform as scalars, whereas the
fermionic matter fields ψi, ΛP , ΥXˆ and κa transform as spin-1/2 fields. Finally, the
gravitino ψ0 transforms as a spin-3/2 field.
The 3-form scalars XP arise as zero-modes of the M-theory three-form A and, hence,
they are axion-like scalars with associated shift transformations acting as
XP (τ)→ XP ′(τ) = XP (τ) + cP , (5.4.27)
where the cP are a set of real constants. It is easy to see that the component ac-
tion (5.4.22)–(5.4.25) only depends on X˙P but not on XP and that, hence, the action is
invariant under the above shifts. Also in the 3-form sector, there is a local fermionic
symmetry of the form δΛP = P−QP lQ as discussed around eq. (5.4.7).
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5.5 Flux compactifications
In section 5.1, we analysed the conditions for unbroken one-dimensional N = 2
supersymmetry in the presence of non-zero O(γ1) g-flux and found that it has to
satisfy
g(3,1) = g(1,3) = 0 , g˜(2,2) = 0 . (5.5.1)
The second condition can be expressed in a more geometric way by noting that this
is precisely the definition of a primitive form as described at the end of appendix A.4.
Since h0,2(X) = 0 on a Calabi-Yau five-fold, the (1, 3)-part g(1,3) of the 4-form flux is
automatically primitive since g˜(1,3) would be a harmonic (0, 2)-form. We conclude that
the entire 4-form flux g = g(1,3) + g(2,2) + g(3,1) must be primitive g = g0 and hence, the
two conditions in (5.5.1) are independent in the sense that one of them only restricts the
Ka¨hler class whereas the other one only restricts the complex structure and the order
with which the two are imposed is irrelevant. Furthermore, by applying the general
result (A.4.37), which follows from eqs. (A.4.33)-(A.4.34), the condition of primitivity,
g˜ = 0, is logically equivalent to g ∧ J2 = 0 and thus, (5.5.1) becomes
g(3,1) = g(1,3) = 0 , g ∧ J2 = 0 . (5.5.2)
For the particular case of harmonic (2, 2)-forms, this also follows from eq. (3.4.4) and
taking traces thereof. For a harmonic (1, 3)-form, it follows from the observation that
a harmonic (1, 3)-form wedged with J2 is a harmonic (3, 5)-form, which, in turn, is
Hodge-dual to a harmonic (0, 2)-form and must hence vanish, since h0,2(X) = 0.
Our aim in this section is to find explicit Calabi-Yau five-folds that can serve as
O(γ1) M-theory backgrounds and to compute the next-to-leading order corrections to
the one-dimensional effective action. In particular, we expect a scalar potential to arise
for at least some of the moduli as a consequence of non-zero flux. The physical contents
and implications of the scalar potential will be analysed in more detail in chapter 6,
where we will also discuss some explicit models as well as some simple classical and
quantum solutions.
5.5.1 Explicit examples of Calabi-Yau five-fold backgrounds
At the purely classical level (that is, at zeroth order in γ), any Calabi-Yau five-fold in the
sense defined in chapter 3 is well-suited as compactification background. The situation
changes as one goes to O(γ1), where the metric is allowed to stay uncorrected and the
compactification manifold is still Calabi-Yau, but subjected to a topological constraint
and a flux quantisation condition of the form
c4(X)− 12 g ∧ g = 24 W , g + 12c2(X) ∈ H
4(X,Z) , (5.5.3)
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as shown in section 5.1. In addition, if we are interested in supersymmetry preserving
backgrounds, g-flux must obey g(1,3) = 0 and g ∧ J2 = 0, as explained above.
The simplest way to satisfy (5.5.3) is to consider Calabi-Yau five-folds X with
vanishing fourth Chern class c4(X) = 0. They provide O(γ1) M-theory backgrounds
without the necessity for any internal flux and membranes to be present. Amongst
the CICY five-folds examined in section 3.6.1, we did not find any configurations with
this property, but since we only scanned the simplest cases with small configuration
matrices, this statement is not conclusive and there may well be more complicated
configurations with c4(X) = 0. To remedy this shortcoming, we constructed the torus
quotient T10/Z42 in section 3.6.2, which is a Calabi-Yau five-fold in the strict sense
defined in section 3.1 and whose fourth Chern class indeed vanishes. Hence, the case
c4(X) = 0 is not entirely pathological, although it remains an open question whether
Calabi-Yau five-folds with c4(X) = 0 and full SU(5) holonomy exist.
In the most general case, one must assume that c4(X) 6= 0 and the question then is
whether an appropriate combination of internal flux and membranes can be found to
satisfy (5.5.3). We will discuss this question by means of some examples in the form of
the simple CICY five-folds presented in section 3.6.1.
First, we consider the CICY five-folds that can be defined in a single projective space.
There are 11 distinct cases and they were listed in table 3.1. Here, we immediately
run into the problem that h2,2(X) = 1 6> 1 = h1,1(X), which implies that there are no
primitive (2, 2)-forms on such manifolds. Indeed, harmonic (2, 2)-forms are necessarily
proportional to J2 with J being the Ka¨hler class of the ambient complex projective space.
Thus, g-flux is given by g = kJ2 for some flux parameter k. Requiring g to be primitive
implies
g ∧ J2 = kJ4 = 0 , (5.5.4)
forcing k = 0, that is g = 0. In other words, any non-zero internal 4-form flux explicitly
breaks supersymmetry for this class of manifolds. Keeping full N = 2 supersymmetry
means restricting to the six cases out of the 11 manifolds of table 3.1, where c2(X) is
even and, since c4(X) 6= 0 in all cases, membranes must be present to cancel off the
value of the fourth Chern class. Due to the factor of 24 in front of the membrane class
W in (5.5.3), it is not automatically guaranteed that the topological constraint can be
satisfied for these CICYs. A short calculation reveals, however, that in each of the
six cases the fourth Chern class is divisible 24 when expressed in terms of the dual
(4, 4)-form Jˆ defined in eq. (3.6.18) and thus, we have found six examples of five-folds
that satisfy (5.5.2) and (5.5.3) with membranes only. Some important properties of these
six CICYs are summarised in table 5.3.
Even upon relaxing the condition of unbroken supersymmetry, we find that (5.5.3)
can not be satisfied with flux alone for the class of CICYs in a single projective space.
This is essentially a consequence of h1,1(X) = h2,2(X) = 1, which is very restrictive. On
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[n|q1 . . . qK] J4/ Jˆ c4(X)/ Jˆ W/ Jˆ
[7|6 2] 12 5448 227
[7|4 4] 16 3168 132
[8|5 2 2] 20 4680 195
[8|4 3 2] 24 3264 136
[9|3 3 2 2] 36 2808 117
[11|2 2 2 2 2 2] 64 2496 104
Table 5.3: The six CICY five-folds in a single projective space for which (5.5.3) can be
satisfied in the absence of flux.
the other hand, allowing both flux and membranes to be present, (5.5.3) can frequently
be satisfied. For example, let us consider the simplest CICY five-fold, namely the
septic in P6 with configuration matrix [6|7]. We find J4 = 7 Jˆ and hence, from table 3.1,
c4([6|7]) = 5733 Jˆ and c2([6|7]) = 21J2. If we parametrise g-flux and membranes by
g = kJ2 and W = l Jˆ, respectively, we can write (5.5.3) for the septic as
(5733− 84k2 − 24l) Jˆ = 0 ,
(
k +
21
2
)
J2 ∈ H4([6|7],Z) . (5.5.5)
The second condition implies that k must be half-integral k = (2m + 1)/2 with m ∈ Z,
since J2 is an integral class. Solving for l then yields
l = 238− 7
2
m(m + 1) , (5.5.6)
which shows that we have a countably infinite number of choices to satisfy the
constraints (5.5.3) for the septic. For example, one may choose m = 7, which sets
g = 15/2J2 and W = 42 Jˆ.
In order to find explicit examples with non-zero g-flux, we need to turn to more
complicated constructions that allow for h2,2(X) > h1,1(X). We start with the second
example in table 3.2, that is
X ∼
[
2
4
∣∣∣∣∣ 35
]
. (5.5.7)
Expanding J = t1 J1 + t2 J2 and g = k11 J21 + k12 J1 J2 + k22 J
2
2 , we first compute the volume
using (A.4.16) and formulæ of section 3.6.1. We find
V =
1
5!
∫
X
J5 =
5
12
(t1)2(t2)3 +
1
8
t1(t2)4 (5.5.8)
and thus, ti 6= 0 in order for X to have non-zero volume. With ti 6= 0, the primitivity
condition g ∧ J2 = 0 implies g = 0. However, with membranes alone the topological
constraint in (5.5.3) can not be satisfied, because the term in c4(X) proportional to Jˆ2
is not divisible by 24. In addition, the flux quantisation condition is not satisfied for
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g = 0, since the coefficients in front of J21 and J1 J2 in c2(X) are odd. This rules out X as
a valid M-theory background, if it is to preserve full N = 2 supersymmetry. Dropping
the last assumption, it is easily possible to satisfy (5.5.3), which becomes
(3240− 12k22(10k12 + 3k22)− 24l1) Jˆ1
+ (3975− 12(10k11k22 + 5k212 + 6k12k22)− 24l2) Jˆ2 = 0 ,(
k11 +
3
2
)
J21 +
(
k12 +
15
2
)
J1 J2 + (k22 + 5)J22 ∈ H4(X,Z) ,
(5.5.9)
using both flux and membranes. Here, the membrane class has been expanded as
W = l1 Jˆ1 + l2 Jˆ2. An exemplary solution is provided by (k11, k12, k22) = (1/2, 15/2, 0)
and (l1, l2) = (135, 25). A solution with only flux and no membranes does not exist,
however.
Our next example is the third manifold in table 3.2, specified by
X ∼
[
3
3
∣∣∣∣∣ 44
]
. (5.5.10)
Using the same expansion, that is J = t1 J1 + t2 J2 and g = k11 J21 + k12 J1 J2 + k22 J
2
2 , we
find for the volume
V =
1
5!
∫
X
J5 =
1
3
(
(t1)2(t2)3 + (t1)3(t2)2
)
. (5.5.11)
Again, ti 6= 0 is needed so that X has non-zero volume and then the primitivity
condition g ∧ J2 = 0 forces g = 0. Since c2(X) is even and c4(X) is divisible by 24, the
constraints (5.5.3) can be satisfied by membranes only, namely for W = 150 Jˆ1 + 150 Jˆ2.
Without the primitivity requirement, both flux and membranes are allowed to be
present and (5.5.3) becomes
(3600− 48k212 − 96k11k22 − 96k12k22 − 24l1) Jˆ1
+ (3600− 96k11k12 − 48k212 − 96k11k22 − 24l2) Jˆ2 = 0 ,
(k11 + 3)J21 + (k12 + 8)J1 J2 + (k22 + 3)J
2
2 ∈ H4(X,Z) ,
(5.5.12)
with exemplary solution (k11, k12, k22) = (0, 1, 0) and (l1, l2) = (148, 148). As in the
previous case, flux only solutions do not exist.
Finally, we look at an example of a CICY defined in a product of three complex
projective spaces. To this end, let us consider the CICY in the last row of table 3.2,
X ∼
 12
3
∣∣∣∣∣∣∣
2
3
4
 . (5.5.13)
97
CHAPTER 5. M-THEORY ON CALABI-YAU FIVE-FOLDS
As usual, we parametrise J and g by J = t1 J1 + t2 J2 + t3 J3 and g = k12 J1 J2 + k13 J1 J3 +
k22 J22 + k23 J2 J3 + k33 J
2
3 , respectively. Next, we compute the volume
V =
1
5!
∫
X
J5 = t1(t2)2(t3)2 +
1
2
t1t2(t3)3 +
1
6
(t2)2(t3)3 . (5.5.14)
One may choose t1 = 0, t2 6= 0 and t3 6= 0 and still have non-zero volume. In this case,
the primitivity requirement g ∧ J2 = 0 is solved by
g = g0 = 3k33x2 J22 − 2k33xJ2 J3 + k33 J23 , (5.5.15)
where x ≡ t2/t3. The flux quantisation condition then becomes(
3k33x2 +
3
2
)
J22 + (−2k33x + 6)J2 J3 + (k33 + 3)J23 + 3J1 J2 + 4J1 J3 ∈ H4(X,Z) .
(5.5.16)
This is solved by k33 = 4m + 2 and x = (2n + 1)/2 with m, n ∈ Z. Finally, we need to
check the topological constraint
[
84− 48k233x(10x− 3)− 24l1
]
Jˆ1 +
[
114+ 96k233x− 24l2
]
Jˆ2
+
[
130− 240k233x2 − 24l3
]
Jˆ3 = 0 . (5.5.17)
The coefficients are such that this equation can never be satisfied, as can be seen by
considering, for example, the term containing Jˆ2, which leads to l2 = 19/4+ 2(4m +
2)2(2n + 1) /∈ Z. For completeness, we mention that upon imposing primitivity the
case where all ti 6= 0 leads to g = 0, which is also not compatible with (5.5.3). Dropping
the primitivity requirement, we find that (5.5.3) can be satisfied by flux alone, for
example taking (k12, k13, k22, k23, k33) = (1, 3, 7/2, 0, 6) with W = 0.
In summary, the topological constraint, the flux quantisation condition and the
primitivity requirement together are rather restrictive and at least amongst the simplest
CICYs considered in this section they could frequently not be satisfied simultaneously
by adding flux but excluding membranes. In the absence of membranes, this leads to a
reduction in the number of viable supersymmetry-preserving M-theory backgrounds
based on CICY five-folds, although it is conceivable that more complicated CICY con-
figurations can be found that satisfy all requirements and still allow for flux only solu-
tions. The inclusion of membranes alters this situation and supersymmetry-preserving
M-theory backgrounds become more abundant amongst the CICY five-folds. The prim-
itivity condition g ∧ J2 = 0, stemming from the requirement of supersymmetry-preser-
vation, is already quite restrictive in its own right. After giving up the requirement of
supersymmetry-preservation, it is not too hard to obtain viable M-theory backgrounds
based on CICY five-folds by adding flux and membranes as well as membranes only.
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With some more effort, that is by exploring more complicated examples with larger
configuration matrices, solutions with flux only can be found as well.
5.5.2 Leading-order corrections to the one-dimensional effective action
We have seen that, unless one works with a Calabi-Yau five-fold X satisfying c4(X) = 0,
flux and/or membranes are required in order to satisfy (5.5.3) and they are expected
to contribute to a scalar potential in the one-dimensional effective theory. In this
section, we will calculate the leading order contributions to the scalar potential from
the O(β)-corrections to the 11-dimensional action (2.2.10). Given the need for flux
and/or membranes in many five-fold compactifications this potential is clearly of great
physical significance.
There are three terms in the 11-dimensional theory which can contribute at O(β)
to a scalar potential in the one-dimensional effective theory:5 The non-topological
R4 terms (2.2.15) evaluated on the five-fold background, the kinetic terms G ∧ ∗G for
the 4-form field strength if flux is non-zero and the volume term in the membrane
action (2.3.4) provided wrapped membranes are present. We will now discuss these
terms in turn starting with the R4 one.
Due to its complicated structure, the reduction of this term on a Calabi-Yau five-
fold background is not straightforward. Also, this term depends on the unknown
four-curvature of the five-fold and the only hope of arriving at an explicit result is that
it becomes topological when evaluated on a five-fold background. A fairly tedious,
although in principle straightforward calculation shows that this is indeed the case
and that it can be expressed in terms of the fourth Chern class, c4(X), of the five-fold.
Explicitly, we find that (2.2.15) reduces to
lβ1
4
∫
dτ N
1
24
c4i(X)ti , (5.5.18)
where β1 ≡ (2pi)4β/v4/5 and we have expanded the fourth Chern class as c4(X) =
c4i(X)ωˆi into a basis of harmonic (4, 4)-forms ωˆi dual to the harmonic (1, 1)-forms ωi.
Next, we consider the contribution of a membrane wrapping a holomorphic curve
C in X with second homology class W. Using the explicit parametrisation X0 = σ0,
Xµ = Xµ(σ), Xµ¯ = Xµ¯(σ¯), where σ = (σ1 + iσ2)/
√
2 for the curve C, the first term in
the membrane action (2.3.4) reduces to
− lβ1
4
∫
dτ N Witi . (5.5.19)
Here, we have expanded the membrane class as W = Wiωˆi into our basis of harmonic
(4, 4)-forms.
5The fourth term at O(β), namely the GS-term (2.2.11), has already been dealt with in section 5.2.4.
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Finally, we need to consider 4-form flux g. The ansatz for g-flux can be written as
g =
1
2
nXOX = neσe + (mxvx + c.c.) , (5.5.20)
where {OX }with X ,Y , . . . = 1, . . . , b4(X) is a basis of real harmonic 4-forms, {σe}with
e, f , . . . = 1, . . . , h2,2(X) is a basis of real harmonic (2, 2)-forms, {vx} with x, y, . . . =
1, . . . , h1,3(X) is a basis of harmonic (1, 3)-forms and we used the Hodge decomposition
to split a real 4-form into (1, 3), (3, 1) and (2, 2) parts. The factor of 1/2 has been
introduced for convenience in view of the flux quantisation condition (5.1.9), which
demands that nX be an even (odd) integer depending on whether c2(X) is even (odd).
An essential ingredient in the reduction is the 10-dimensional Hodge dual of g. From
the results in eq. (3.4.2) we see that this is given by
∗g = ne
(
J ∧ σe − i2 J
2 ∧ σ˜e + 112 ˜˜σe J
3
)
− (mx J ∧vx + c.c.) . (5.5.21)
We recall from section 3.4 that σ˜e is a harmonic (1, 1)-form which is obtained from σe by
a contraction with the inverse metric gµν¯. Likewise, ˜˜σe is a scalar on X, obtained from σe
by contraction with two inverse metrics. Following the discussion in section 3.5, these
objects can be written as
σ˜e = ikieωi , ˜˜σe = −
5
κ
kieκi , (5.5.22)
where kie is a set of (moduli-dependent) coefficients. Combining these results, the
4-form kinetic term reduces to
1
2κ211
∫
M
(−1
2
)G ∧ ∗G = − lβ1
4
∫
dτ
N
2
[
nen f
(
de f iti +
1
2
kif deijkt
jtk
− 5
12κ
kieκidejklt
jtktl
)
−
(
mxm¯y¯dxy¯iti + c.c.
)]
, (5.5.23)
where we have used some of the intersection numbers introduced in section 3.5.
We introduce a one-dimensional scalar potential U by
SB,pot = − l4
∫
dτ N U . (5.5.24)
This expression should be added to the bosonic action (5.2.20). Then, by combining the
three contributions above, we find that
U = β1
[(
1
2
(g ∧ g)(2,2)i −
1
2
(g ∧ g)(1,3)i +Wi −
1
24
c4i(X)
)
ti
+
1
4
nen f kif
(
G(1,1)ik −
25
12
κiκk
κ2
)
G(1,1)kjdejlmtltm
]
. (5.5.25)
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A few remarks on this result are in order. The first line is linear in the Ka¨hler moduli ti
with coefficients which are almost identical to the components of the anomaly condi-
tion (5.1.11). In fact, only the sign of (g ∧ g)(1,3), the contribution from the (1, 3)-part
of the flux, is opposite to what it is in the anomaly condition (5.1.11). After using
the anomaly condition (5.1.11), the first part of the scalar potential reduces to a term
linear in ti which depends only on (1, 3)-flux. Recall that ti are fluctuation variables,
which means an explicit term linear in ti would indicate an instability of the theory and
should therefore be absent. In this way, we re-discover the condition g(1,3) = 0, found
in section 5.1, from a one-dimensional perspective.6 The second line in eq. (5.5.25) only
depends on (2, 2)-flux and can be written in a supersymmetric form deriving from a
superpotential, as we will see.
The Hodge decomposition (5.5.20) of 4-form flux into (1, 3), (3, 1) and (2, 2) pieces
depends on the complex structure and therefore, the condition g(1,3) = 0 generally
leads to a potential for the complex structure moduli. In other words, the complex
structure moduli za are only allowed to fluctuate in such a way as to keep the 4-form
flux purely of (2, 2)-type. With the decomposition (3.5.55) inserted into eq. (5.5.20), the
condition g(1,3) = 0 becomes
mx(z, z¯) = nXDX x(z, z¯) = 0 , (and c.c.) . (5.5.26)
However, it is not known whether the DX x and hence the resulting potential for the
za can be calculated explicitly. It is important to recall that in our analysis of bosonic
and fermionic 4-form fields we are restricting to Calabi-Yau five-folds that satisfy
eq. (3.5.59) and, in this case, the potential vanishes, that is the complex structure
moduli are restored as flat directions in the moduli space, because for such manifolds
the split of a 4-form into a (2, 2)-piece and a (1, 3) + (3, 1)-piece is complex structure
independent. This can also be seen by noting that in this case the condition (5.5.26)
turns into the complex structure independent equation nXˆ = 0, with the help of
the decomposition (3.5.62). Moreover, the (2, 2)-flux itself, g(2,2) = 12 n
X˜OX˜ = n
eσe,
becomes a complex structure independent quantity.
This leaves us with the second line in eq. (5.5.25) and, in order to write this into a
more explicit form, we need to compute the coefficients kie. This has, in fact, been done
in eq. (3.5.34). Inserting these results and using eqs. (3.5.21) and (3.5.22) we finally find
for the scalar potential
U = 1
2
G(1,1)ijWiWj , Wi = ∂W
∂ti
, (5.5.27)
6Besides g(1,3) = 0, we also obtained g ∧ J2 = 0 from the Killing spinor equation (see section 5.1 and
page 94). The question of how the second condition arises from a one-dimensional perspective will be
answered shortly.
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where the “superpotential”W is given by
W(t) = γ1
3
deijknetitjtk (5.5.28)
and G(1,1)ij is the inverse of the physical (1, 1) moduli space metric (5.2.24). Here, we
introduced γ1 ≡
√
β1.
The fact that the scalar potential can be written in terms of a superpotential in the
usual way suggests it can be obtained as the bosonic part of a superfield expression.
This is indeed the case and the term we have to add to the superspace action (5.4.20) is
simply
Spot = − l2
∫
dτ d2θ E W(T) . (5.5.29)
Indeed, combining this term with the (1, 1) kinetic term in the superspace action (5.4.20)
and working out the bosonic component action using eq. (5.4.22) one finds the terms
l
2
∫
dτ
N
4
(
G(1,1)ij f
i f j − 2 f iWi
)
, (5.5.30)
which, after integrating out the (1, 1) auxiliary fields f i = G(1,1)ijWj, reproduce the
correct scalar potential. The superpotential (5.5.28) can be obtained from a Gukov-type
formula
W(t) = γ1
3
∫
X
g ∧ J3 . (5.5.31)
This integral is, in fact, the only topological integral, linear in flux, one can build using
the two characteristic forms J and Ω of the five-fold and Gflux. In this sense, it is
the natural expression for the superpotential. Here, we have explicitly verified by a
reduction from 11 dimensions that it gives the correct answer.
So far, we have ignored the fact that g must be primitive in order for the Calabi-Yau
five-fold background to preserve N = 2 supersymmetry (see section 5.1 and page 94).
Using the results of appendix A.4 on primitive forms, we apply the Hard Lefschetz
decomposition (A.4.39) to the general 4-form g
g = g0 + g
(1,1)
0 ∧ J + g(0,0)0 ∧ J2 . (5.5.32)
The primitive forms g0 and g
(1,1)
0 obey g0 ∧ J2 = 0 and g(1,1)0 ∧ J4 = 0, respectively
(the (0, 0)-form g(0,0)0 is automatically primitive). Hence, the first two terms of the
decomposition drop out of the superpotential (5.5.31) and we are left with
W(t) = 40γ1g(0,0)0 V(t) , (5.5.33)
where V(t) is the Calabi-Yau five-fold volume defined in (3.5.13) and (A.4.29). Note
that while the left hand side of (5.5.32) is independent of the ti, the differential forms on
the right hand side are not. In fact, by performing a re-scaling ti → λti, we learn that
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g0, g
(1,1)
0 and g
(0,0)
0 are homogeneous of degree zero, −1 and −2 in the ti, respectively.
Thus, since V scales as V(λt) = λ5V(t), one concludes that the superpotential is
homogeneous of degree three. This is consistent with (5.5.28) and (5.5.31). From (A.4.39),
we have
g primitive ⇐⇒ g(1,1)0 = g(0,0)0 = 0 . (5.5.34)
We see that the superpotential (5.5.33) depends only on the non-primitive components
of g. In turn, requiring g to be primitive leads to a vanishing superpotential. This can,
of course, also be seen more directly and without the Hard Lefschetz decomposition by
recalling that the primitivity of g is equivalent to g ∧ J2 = 0 (see (A.4.37)) and the fact
that the superpotential is given by the integral of g ∧ J3 over X.
How does this condition arise from a one-dimensional perspective? The answer is
the same as for the higher-dimensional context in which we originally discovered it,
namely as a supersymmetry preservation condition. To see this, we need to look for
vacua with constant bosonic fields and vanishing fermions that preserve the N = 2
supersymmetry of the one-dimensional theory. Finding such vacua amounts to setting
the supersymmetry variations of all fermions to zero and solving the resulting Killing
spinor equations, as usual. For the various 2b multiplets, the supersymmetry variations
of their fermion components vanish automatically for constant bosonic fields and
vanishing fermions, as can be seen directly from the results in section 4.3. On the other
hand, the supersymmetry variations of the fermions residing in 2a multiplets require a
bit more care. For the 3-form fermions ΛP , one has from eqs. (4.3.33) and (4.3.34)
δeΛP = 0 , δeΛ¯P = −12eg
P = 0 , (5.5.35)
after inserting eq. (5.4.13). For the (1, 1) fermions ψi, the transformations lead to
δeψ
i = 0 , δeψ¯i = −12e f
i = −1
2
eG(1,1)ijWj . (5.5.36)
Hence, constant scalar field vacua which preserve N = 2 supersymmetry are charac-
terised by the “F-term” equations
Wi = 0 . (5.5.37)
Upon plugging in (5.5.31)-(5.5.32), the F-term equations translate into
g(1,1)j0 κij + g
(0,0)
0 κi = 0 , (5.5.38)
where we have expanded g(1,1)0 = g
(1,1)i
0 ωi. Note that g
(1,1)i
0 κi = 0, as a consequence of
g(1,1)0 ∧ J4 = 0. Thus, multiplying by ti makes the first term disappear and we are left
with
g(0,0)0 V(t) = 0 , (5.5.39)
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which implies g(0,0)0 = 0 assuming non-zero volume. With this result and by virtue of
g(1,1)i0 κi = 0, we can re-write eq. (5.5.38) as
g(1,1)j0 G
(1,1)
ij (t) = 0 (5.5.40)
and by contracting with the inverse (1, 1) metric G(1,1)ij, we arrive at g(1,1)i0 = 0. The
conclusion is that
g primitive ⇐⇒ Wi = 0 , (5.5.41)
which explains how the primitivity condition on g arises from a one-dimensional
perspective.
Eq. (5.5.27) shows that solutions to the F-term equations are stationary points of the
superpotential, although, unlike in four-dimensionalN = 1 supergravity, they need
not be minima since the (1, 1) metric G(1,1) is not positive definite. Another interesting
difference to four-dimensional supergravity is that the scalar potential always vanishes
for solutions of the F-term equations.
Finally, when (2, 2)-flux is non-vanishing, another set of bosonic terms arises from
the Chern-Simons term A ∧ G ∧ G in the 11-dimensional action (2.1.2). Writing the
complete ansatz for the 4-form field strength G, including (2, 2)-flux and zero modes,
one has
G = (2pi)2γ g(2,2) + X˙Pdτ ∧ NP = (2pi)2γ neσe + X˙Pdτ ∧ NP . (5.5.42)
Here, we recall that {NP}, where P ,Q, . . . = 1, . . . , b3(X), are a basis of real harmonic
3-forms and XP are the associated 3-form zero modes. Inserting this ansatz into the
11-dimensional Chern-Simons term one finds
SB,CS = − l2
∫
dτ
γ1
3
dPQeneX˙PXQ , (5.5.43)
where dPQe =
∫
X NP ∧ NQ ∧ σe. Note that (5.5.43) is linear in flux and, hence, appears
at order γ =
√
β. It represents a one-dimensional Chern-Simons term.
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Chapter 6
M-theory Calabi-Yau Cosmology
After developing the necessary background knowledge, we spent a great amount of
time in the preceding chapter providing a detailed presentation of virtually all aspects
of the reduction of M-theory on Calabi-Yau five-folds down to one dimension. In this
chapter, we will examine some of the physical contents of the one-dimensional effective
action.
At the end of this chapter, we will report on some preliminary results originat-
ing from unfinished (and hence as yet unpublished) work in progress on the mini-
superspace quantisation of our model.
6.1 The bosonic effective action and its classical solutions
In this chapter, we will focus exclusively on the bosonic part of the one-dimensional
effective action. To begin with, we summarise our result for the complete bosonic
action for later reference. The bosonic action depends on three sets of fields, the real
(1, 1) moduli ti, the real 3-form moduli XP and the complex (1, 4) moduli za. It can be
written as a sum of three parts
SB = SB,kin + SB,pot + SB,CS (6.1.1)
which, from eqs. (5.2.20), (5.5.24), (5.5.27) and (5.5.43), are given by
SB,kin =
l
2
∫
dτN−1
{
1
4
G(1,1)ij (t)t˙
i t˙j +
1
2
G(3)PQ(t, z, z¯)X˙
P X˙Q + 4V(t)G(1,4)ab¯ (z, z¯)z˙
a ˙¯zb¯
}
,
(6.1.2)
SB,pot = − l4
∫
dτ N U , (6.1.3)
SB,CS = − l2
∫
dτ
γ1
3
dPQeneX˙PXQ , (6.1.4)
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with scalar potential U and superpotentialW
U = 1
2
G(1,1)ijWiWj , W(t) = γ13 deijkn
etitjtk . (6.1.5)
The metrics G(1,1)ij , G
(1,4)
ab¯ and G
(3)
PQ have been defined in (5.2.24)-(5.2.26). The first two
parts of this action can be schematically written as
SB,kin + SB,pot =
l
2
∫
dτ
{
N−1 GI J(φ)φ˙I φ˙J − N2 U (φ)
}
, (6.1.6)
where we have collectively denoted the various types of fields by φI = (ti, XP , za, z¯b¯)
and GI J is a block-diagonal metric which contains the above moduli space metrics in
the appropriate way. The associated equations of motion then have the general form
1
N
d
dτ
(
φ˙I
N
)
+ ΓIJK
φ˙J
N
φ˙K
N
+
1
4
GI J
∂U
∂φJ
+ CI = 0 , (6.1.7)
where ΓIJK is the Christoffel connection associated to GI J and C
I is the contribution from
the Chern-Simons term. Since the Chern-Simons term only depends on XP , we have
Ci = Ca = Cb¯ = 0.
When beginning to search for solutions, the first question that arises is whether
there are any static solutions, that is, solutions with all φI = const. Since the potential
U only depends on the (1, 1)-moduli, it is certainly consistent with the equations of
motion (6.1.7) to set all other fields to constants. For vacua without (2, 2)-flux (but
possibly with membranes) this can also be done for the (1, 1)-moduli ti. In this case the
scalar potential vanishes identically and the moduli space is completely degenerate.
More generally, we saw in section 5.5.2 that one-dimensionalN = 2 supersymmetry
preserving solutions must satisfy the F-term equations Wi = 0, which lead to flat
directions. In that section, we also showed that the F-term equations are equivalent
to demanding g-flux to be primitive, g = g0. The primitivity condition on g-flux was
analysed for selected examples of Calabi-Yau five-folds in section 5.5.1 and will not be
repeated in full length. Suffice it to say here that in cases where h1,1(X) = 1, the only
solution to the F-term equations is t1 = 0. This corresponds to vanishing Calabi-Yau
five-fold volume and is thus beyond the regime of validity of the one-dimensional
effective theory.
Moving on to cases where h1,1(X) > 1, we begin with the first example in table 3.2,
that is
X ∼
[
1
5
∣∣∣∣∣ 26
]
. (6.1.8)
Since h2,20 (X) = h
2,2(X)− h1,1(X) = 2− 2 = 0 (see eq. (A.4.36)), which is a topological
property, the condition g ∧ J2 = 0, implies vanishing Calabi-Yau volume if g 6= 0 and
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hence, there is no viable supersymmetric minimum in this case.
The same conclusion also holds true for the second example in table 3.2, that is
X ∼
[
2
4
∣∣∣∣∣ 35
]
, (6.1.9)
although the derivation is more complicated. As in section 5.5.1, we use the expansion
g = k11 J21 + k12 J1 J2 + k22 J
2
2 . The superpotential then becomes
W = 4
3
k11(t2)3 + 2(2k12 + k22)t1(t2)2 + 4k22(t1)2t2 . (6.1.10)
Taking into account that k22 is integral, whereas k11 and k12 must be half-integral as
demanded by the flux quantisation condition (5.5.9), it can be shown thatWi = 0 leads
to V = 0 if g 6= 0.
The situation improves for the third example in table 3.2, that is
X ∼
[
3
3
∣∣∣∣∣ 44
]
. (6.1.11)
Again, as in section 5.5.1, we expand g as g = k11 J21 + k12 J1 J2 + k22 J
2
2 . Then, one finds
for the superpotential
W = 4
3
k11(t2)3 + 4(k11 + k12)t1(t2)2 +
4
3
k22(t1)3 + 4(k12 + k22)(t1)2t2 . (6.1.12)
It is easy to see that setting, for example, k11 = k22 = 3 and k12 = −4, the F-term
equations are satisfied along the flat direction t1 = t2. Inspecting (5.5.12), one ver-
ifies that this choice also satisfies the topological constraint (with membrane class
W = 130 Jˆ1 + 130 Jˆ2) and the flux quantisation condition. Moreover, this flat direction
consists of minima of the potential with zero cosmological constant. The existence of
such minima is of considerable importance for our M-theory compactifications. Flux-
compactifications are often plagued with yielding large potential energies above the
compactification scale due to the quantised nature of flux. This is problematic, for it
invalidates the low-energy effective theory. We have just seen an example where this
problem can be avoided due to a flat direction with vanishing vacuum energy in the
two-dimensional Ka¨hler moduli space. This means, at least to O(β1), self-consistent
five-fold compactifications of M-theory with (2, 2)-flux exist.
In cases where the F-term equations cannot be solved, a few general statements can
nonetheless be made, based on the scaling behaviour of the scalar potential. Recall from
section 5.5.2 (see below eq. (5.5.33)) that the superpotential scales asW(λt)→ λ3W(t)
under ti → λti. Together with G(1,1)ij (λt) = λ3G(1,1)ij (t), it follows that the scalar
potential is homogeneous of degree one, that is U (λt) = λU (t). In this context, it is
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important to note that the metric G(1,1)ij has signature (−1,+1, . . . ,+1). Whether the
negative direction is “probed” by the scalar potential depends on the structure of the
superpotential and its derivatives. If it is, the potential contains a piece which is of the
form U = −ct˜, where c is a positive constant and t˜ points along the negative direction
in the Ka¨hler moduli space. This indicates an instability which will eventually lead to
decompactification.
Clearly, this is always the case for examples with h1,1(X) = 1 where the metric is
just a negative number. For example, one finds U = − 5254 β1t for the septic in P6, that is
[6|7]. As expected, the potential is negative and results in a rapid growth of the volume.
For h1,1(X) > 1 the picture is less clear and what happens depends on the choice
of Calabi-Yau manifold and flux. As an example, we choose the configuration (6.1.8).
Expanding g = k12 J1 J2 + k22 J22 , one finds for the volume and the superpotential
V =
1
4
t1(t2)4 +
1
60
(t2)5 , W = 6k22t1(t2)2 +
(
2k12 +
2
3
k22
)
(t2)3 . (6.1.13)
This gives rise to the following scalar potential
U = β1(15k12 + 2k22)
6(15t1 + t2)
(
(3k12 − 2k22)(t2)2 − 36k22t1t2
)
. (6.1.14)
For the choice (k12, k22) = (0, 1/2), the above potential is negative and such that both ti
will grow. For (k12, k22) = (1,−1/2), on the other hand, the potential is positive. Gradi-
ents are such that t2 contracts and, as a result, the total volume eventually approaches
zero (while t1 slowly expands).
After presenting a variety of scenarios to illustrate the different classical evolutions
that are possible, we will now turn to some of the quantum mechanical aspects of our
one-dimensional effective theory, but beforehand we need to introduce the concept of
mini-superspace quantisation.
6.2 Mini-superspace quantisation in a nutshell1
This is the second time the word “superspace” is introduced in this thesis. There are
indeed two entirely different meanings of the word in the physics literature. While
nowadays most physicists would probably associate it with supersymmetry (as ex-
plained in chapter 4), it had already existed before the invention of supersymmetry in
a totally different context: The name was coined by Wheeler in 1968 [100] to denote
the configuration space of classical four-dimensional general relativity. The superspace
1This important sub-branch of quantum cosmology is discussed more thoroughly, for example, in
refs. [94–97]. More recent reviews on quantum geometrodynamics in general can be found in refs. [98, 99].
Here, we will merely provide a minimalist account to properly allow this topic to be embedded into this
thesis and to present some general results needed later.
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S(Σ) for a given three-manifold Σ is the space of all three-geometries, that is the space
of all three-metrics modded out by the diffeomorphism group: S(Σ) ≡ Riem Σ/Diff Σ.
6.2.1 Geometrodynamics
During the 1960s, by a program called “geometrodynamics” mainly attributed to
Wheeler, Einstein’s theory of general relativity was reformulated as an initial value
problem with constraint- and evolution-equations and with the ultimate goal of un-
ravelling the foundations of quantum gravity. It was hoped that in this way, gravity
could be placed on the same footing as the other fundamental forces and the very
successful methods of conventional quantum field theory could then be applied. This
is expressed in the very name “(quantum) geometrodynamics”, which evidently derives
from the two extraordinarily successful predecessors “(quantum) electrodynamics” and
“(quantum) chromodynamics.”
The starting point of geometrodynamics is the Hamiltonian formulation of general
relativity, known as ADM-formalism [101]. The four-dimensional line element ds2 is
parametrised as follows
ds2 = gMNdxMdxN = −N2dτ2 + hmn(dxm + Nmdτ)(dxn + Nndτ) , (6.2.1)
where N and Nm are called lapse function and shift vector, respectively. The indices
are such that M, N, . . . = 0, 1, 2, 3 and m, n, . . . = 1, 2, 3. Here, the index labelling
conventions are somewhat non-standard as compared to the literature (see, for exam-
ple, refs. [102, 94, 98, 99]). This was done to achieve maximal resemblance to eleven
dimensions and hence to the forumulæ of the previous chapters. Indeed, this parametri-
sation closely resembles our 11-dimensional compactification ansatz in (5.2.3). The
only difference, besides the index ranges, is the appearance of the shift vector Nm,
which was absent for Calabi-Yau five-fold compactifications since h1,0(X) = 0 for a
Calabi-Yau five-fold X, and the fact that the lapse function and shift vector can depend
on x = (x1, x2, x3) as well as τ, that is N = N(τ, x) and Nm = Nm(τ, x).
The three-metric hmn, which is an element of superspace, is the intrinsic metric on
the spatial hypersurfaces τ = const., assuming a global (3+ 1)-foliation2 M = R× Σ
of the four-dimensional space-time manifoldM. As in chapter 2, the Einstein-Hilbert
action reads
SEH =
1
2κ2
∫
M
R ∗ 1 =
∫
M
d4xL . (6.2.2)
2This requiresM to be globally hyperbolic and the global choiceM = R× Σ excludes topology
changes.
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Plugging in (6.2.1), one finds (see, for example, ref. [102, 97])3
SEH =
1
2κ2
∫
R×Σ
dτd3x
{
pimnh˙mn −H+ (total derivative)
}
, (6.2.3)
where the dot denotes the derivative with respect to τ, H is the Hamiltonian density
given below and pimn is the momentum conjugate to hmn, that is pimn ≡ δLδh˙mn . The
Hamiltonian densityH splits into two parts according to
H = NH0 + NmHm ,
H0 = 2κ2
√
h
[
pimnpimn − 12 (pi
m
m)2
]
−
√
h
2κ2
R(3) ,
Hm = −2∇(3)n pimn ,
(6.2.4)
where h ≡ det hmn and, here and in the following, the three-dimensional indices m, n, . . .
are raised and lowered using the three-metric hmn. Moreover, R(3) and∇(3)m denote Ricci-
scalar and covariant derivative with respect to hmn. Note that the conjugate momenta
to N and Nm vanish identically and thus, N and Nm act as Lagrange multipliers. Their
variations lead to the famous classical Hamiltonian and diffeomorphism constraints of
general relativity
H0 = 0 , Hm = 0 , (6.2.5)
which, in fact, encapsulate the complete dynamics of the theory.
The full Hamiltonian H =
∫
Σ d
3xH = ∫Σ d3x {pimnh˙mn −L} takes the form
H =
∫
Σ
d3x {NH0 + NmHm} . (6.2.6)
A very useful concept in this formalism is the extrinsic curvature (or second fundamen-
tal form) Kmn of the spatial hypersurfaces Σ defined as
Kmn ≡ 12£n(τ,x)hmn , (6.2.7)
where n is the unit normal vector to Σ pointing in the future direction and £n(τ,x) is the
Lie derivative with respect to the vector field n(τ, x). The extrinsic curvature can be
expressed in terms of the quantities defined above. One finds
Kmn =
1
2N
(
h˙mn − 2∇(3)(m Nn)
)
, (6.2.8)
where nM = 1N (1,−Nm) and the expression for the Lie derivative of a symmetric
(0, 2)-tensor [102], £XTMN = XP∇PTMN + 2(∇(MXP)TN)P, has been used.
3The total derivative in (6.2.2) will be ignored in the following, although its presence can have
important consequences in cases where, for example, Σ is non-compact or not asymptotically flat.
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With the help of the extrinsic curvature, the canonical momenta pimn can be written
as
pimn =
√
h
2κ2
(Kmn − K hmn) = 1
2κ2
GmnpqKpq , (6.2.9)
where K ≡ Kmm and in the last equality, the famous DeWitt-metric [92] (a symmetric
6× 6 matrix in the space of symmetric index pairs (mn)) has been introduced. It is
given by
Gmnpq ≡
√
h
2
(hmphnq + hmqhnp − 2hmnhpq) (6.2.10)
and can be interpreted as a metric on the space Riem Σ of all three-metrics on Σ.
It has Lorentzian signature, (−,+, . . . ,+), at each space point x and this feature is
independent of the signature of the space-time metric gMN . Sometimes the DeWitt-
metric is also referred to as supermetric (another word re-used in supersymmetry
terminology). The zero-component of the Hamiltonian density can then be re-written
as follows
H0 = 2κ2 Gmnpqpimnpipq −
√
h
2κ2
R(3) , (6.2.11)
where the inverse DeWitt-metric is given by
Gmnpq =
1
2
√
h
(
hmphnq + hmqhnp − hmnhpq
)
. (6.2.12)
The DeWitt-metric and its inverse satisfy GmnpqGpqrs = 12 (δ
m
r δ
n
s + δms δnr ).
Upon setting Nm = 0, the Lagrangian density L becomes
2κ2 L = 1
4
N−1Gmnpqh˙mnh˙pq + N
√
h R(3) , (6.2.13)
which resembles our one-dimensional sigma-model Lagrangian in (6.1.6) quite closely
if we also set N = N(τ) and integrate over
∫
Σ d
3x. Thus, the geometrodynamics
(and mini-superspace) formalism is rather directly applicable to our one-dimensional
effective action obtained from Calabi-Yau five-fold reductions of M-theory as we will
see in more detail later in section 6.3.
6.2.2 Quantum Geometrodynamics
We will now briefly describe how geometrodynamics can be quantised, at least, at
the formal level. We restrict to the canonical quantisation procedure and omit many
inherent subtleties. Full details on the path integral quantisation of geometrodynamics
can be found in the literature [94, 96, 97, 99].
The Poisson bracket between the three-metric hmn and its canonically conjugated
momentum pimn is given by
{hmn(x),pipq(x′)} = δp(mδ
q
n)δ
(3)(x− x′) . (6.2.14)
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Thus, hmn and pimn play the roˆle of the canonical coordinates x and p in ordinary
Hamiltonian mechanics. In the same way as x and p in ordinary quantum mechanics,
hmn and pimn are promoted to operators acting on the superspace-wave-functional
Ψ[hmn(x)] (dubbed “wave-function of the universe”) in the following way
hˆmn(x)Ψ[hmn(x)] = hmn(x) ·Ψ[hmn(x)] ,
pˆipq(x)Ψ[hmn(x)] = −i δ
δhpq(x)
Ψ[hmn(x)]
(6.2.15)
and satisfying the canonical commutation relations
[hˆmn(x), pˆipq(x′)] = iδ
p
(mδ
q
n)δ
(3)(x− x′) ,
[hˆmn(x), hˆpq(x′)] = [pˆimn(x), pˆipq(x′)] = 0 .
(6.2.16)
With the appearance of these commutation relations, the classical concept of space-time
ceases to exist, owing to the uncertainty relation between hmn and pimn and the fact that
pimn is proportional to the extrinsic curvature Kmn (see eq. (6.2.9)).
Following the Dirac constraint quantisation [103], the classical constraints (6.2.5)
are imposed as operator conditions on the wave-functional Ψ[hmn(x)]
Hˆ0Ψ[hmn(x)] = 0 , HˆmΨ[hnp(x)] = 0 , (6.2.17)
As in the classical case, these equations encapsulate the entire dynamics of the system.
With expressions (6.2.4) and (6.2.11) for the Hamiltonian and the substitution rules in
eq. (6.2.15), the quantum constraint equations read as follows
Hˆ0Ψ =
[
−2κ2 Gmnpq δ
2
δhmnδhpq
−
√
h
2κ2
R(3)
]
Ψ = 0 , (6.2.18)
HˆmΨ = 2i∇(3)n δΨ
δhmn
= 0 . (6.2.19)
The first of these equations is the famous Wheeler-DeWitt equation [92, 100], while the
second one is known as quantum diffeomorphism constraints.
These are the central equations of quantum geometrodynamics and there are many
interpretational, philosophical and mathematical issues associated with them. Besides
primarily technical issues such as operator ordering ambiguities, there are also con-
ceptual issues such as the well-known “problem of time” [104–106] – one of the prime
puzzles of quantum gravity. This is related to the observation that eqs. (6.2.18)-(6.2.19)
do not contain any reference to the time variable τ. In particular, there is no time
derivative-term in eq. (6.2.18), which is in stark contrast to the standard Schro¨dinger
equation of ordinary quantum mechanics. Therefore, the concept of energy is lacking
and the wave-functional Ψ[hmn(x)] itself is time-independent. Moreover, the interpreta-
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tion of eqs. (6.2.18)-(6.2.19) as evolution equations in time τ is lost and the only hope is
to indirectly regain a derived notion of time from the only dynamical quantity hmn(x).
Ultimately, this is a consequence of general coordinate invariance, which lies at the
heart of general relativity.
Leaving all these problems aside and concentrating on the mathematical content,
it becomes apparent that eqs. (6.2.18)-(6.2.19) are mathematical monstrosities and per-
forming concrete calculations is in general hugely difficult. This is because eqs. (6.2.18)-
(6.2.19) comprise an infinite number of functional-differential equations (one at each
space point x) in the wave-functional defined over an infinite-dimensional coordinate
space (which is superspace S(Σ)). This inherent complexity is the main motivation for
studying mini-superspace models [107], to which we turn next. The central point of this
approach is a specialisation to highly symmetric space-times to reduce the number of
degrees of freedom to a finite value and therefore turning a quantum-field-theoretical
problem into a more tractable quantum-mechanical problem.
6.2.3 Mini-superspace quantisation
The starting point of mini-superspace models [107] is a specialisation of the general
metric parametrisation (6.2.1) to the form
ds2 = −N(τ)2dτ2 + hmn(qI(τ))dxmdxn , (6.2.20)
which is characterised by the absence of the shift vector, Nm = 0, and the homo-
geneity (that is, translational invariance) of N and hmn. The degrees of freedom of
the three-metric are labelled qI , where I = 1, . . . , N f . Comparing with (5.2.3) makes
it immediately apparent why this formalism is relevant to our Calabi-Yau five-fold
reductions.
Plugging the mini-superspace ansatz (6.2.20) into the Einstein-Hilbert action and
using the intermediate result (6.2.13) yields the mini-superspace action
S =
1
2κ2
∫
dτ L =
1
2κ2
∫
dτ
{
N−1 GI J(q)q˙I q˙J − N2 U (q)
}
, (6.2.21)
with the mini-superspace version GI J(q) of the DeWitt-metric (sometimes called “mini-
supermetric”)
GI J(q) ≡ 14
∫
Σ
d3x Gmnpqhmn,Ihpq,J . (6.2.22)
The action (6.2.21) is of the same form as the non-linear sigma model (6.1.6) obtained by
reduction from eleven dimensions. The mini-supermetric GI J(q) inherits the Lorentzian
signature (−,+, . . . ,+) from the DeWitt-metric [92]. The classical equations of motion
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derived from this action read as follows
1
N
d
dτ
(
q˙I
N
)
+ ΓIJK
q˙J
N
q˙K
N
+
1
4
GI J
∂U
∂qJ
= 0 , (6.2.23)
2
N2
GI J q˙I q˙J + U = 0 , (6.2.24)
where ΓIJK =
1
2 G
IL (GLJ,K + GLK,J − GJK,L) is the Christoffel symbol associated to GI J .
The Hamiltonian is readily found to be
H = pN N˙ + pI q˙I − L = NH0 , (6.2.25)
H0 =
1
4
GI J pI pJ +
1
2
U , (6.2.26)
where GI J is the inverse of GI J and we have used pN = ∂L/∂N˙ = 0 and pI = ∂L/∂q˙I =
2N−1GI J q˙J (with canonical Poisson brackets {qI , pJ} = δIJ ).
In order to canonically quantise this system, one first introduces position and
momentum operators as usual by
qˆIψ(q) = qI · ψ(q) , pˆIψ(q) = −i ∂
∂qI
ψ(q) , (6.2.27)
which satisfy the canonical commutation relations
[qˆI , pˆJ ] = iδIJ , [qˆ
I , qˆJ ] = [ pˆI , pˆJ ] = 0 . (6.2.28)
The next step is to promote H0 to an operator. At this point, however, one encounters a
factor ordering ambiguity in the first term in (6.2.26), since
GI J(q)pI pJ = pIGI J(q)pJ = pI pJGI J(q) , but
GI J(q) pˆI pˆJ 6= pˆIGI J(q) pˆJ 6= pˆI pˆJGI J(q) .
(6.2.29)
Several “natural choices” to resolve this ambiguity have been proposed [92, 108–112]
and a thorough discussion of this problem is beyond the scope of this section. Here, we
simply adopt the common choice (see, for example, refs. [102, 94, 96])
GI J(q) pˆI pˆJ → −∇2LB = −
1√−G∂I
(√−G GI J∂J) , (6.2.30)
which has the virtue of covariantising the Wheeler-DeWitt equation. Here, G ≡ det GI J .
The so-called Laplace-Beltrami operator ∇2LB is the covariant generalisation of the
Laplacian with respect to the mini-supermetric GI J . With this choice of factor ordering,
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the Wheeler-DeWitt equation of mini-superspace reads
Hˆ0ψ(q) =
[
−1
4
∇2LB +
1
2
U (q)
]
ψ(q) = 0 , (6.2.31)
which bears a remarkable resemblance to the Klein-Gordon equation.
Although mini-superspace models may be regarded as quantum mechanical “toy
models” of quantum geometrodynamics, which is a full-fledged quantum field theory,
thereby making analytic calculations possible, many of the interpretational and concep-
tual problems remain. An important question is what the physical interpretation of the
wave-function ψ(q) is. As in ordinary quantum theory, one would like to construct a
probability measure, which then allows one to make predictions and there are several
competing proposals of such a probability measure.
Perhaps the simplest approach is to precisely mimic quantum mechanics and use
the canonical inner product
〈ψ1,ψ2〉 ≡
∫
dN f q
√−G ψ∗1ψ2 . (6.2.32)
The probability P(ψ, A) of the universe ψ being in the interval A = (q, q + δq) is then
given by
P(ψ, A) =
√−G |ψ(q)|2 δq1 · · · δqN f . (6.2.33)
However, this merely yields relative probabilities and turning it into an absolute
probability founders on the fact that even simple solutions to eq. (6.2.31) are often not
normalisable, that is 〈ψ,ψ〉 = ∞.
Another problem is the choice of suitable boundary conditions when solving the
Wheeler-DeWitt equation (6.2.31). Again several competing proposals exist in the
literature. The first one dates back to the early days of quantum geometrodynamics
and is called DeWitt’s boundary condition [92]. More recent proposals are the no-
boundary condition (or Hartle-Hawking proposal) [113] and the tunnelling condition
put forward by Vilenkin [114]. A proper discussion of these proposals requires concepts
not introduced here (such as path integral quantisation and conserved currents) and we
hence refrain from doing so. Instead, we now return to our one-dimensional effective
action obtained from our M-theory reduction and take a first look at how to quantise it
a` la mini-superspace.
6.3 Mini-superspace meets Calabi-Yau five-folds4
In section 6.1, we described the bosonic effective action and studied some classical
solutions. Ignoring the Chern-Simons term (6.1.4) led to the action (6.1.6), which
4A more general treatment of the mini-superspace quantisation of M-theory (for general 10-manifolds,
that is not restricted to Calabi-Yau five-folds) can be found in ref. [115].
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is precisely equivalent to the mini-superspace action (6.2.21) and the quantisation
proceeds exactly as presented in the previous section. If we include the Chern-Simons
term, the action schematically reads
S =
l
2
∫
dτ
{
N−1 GI J(φ)φ˙I φ˙J − N2 U (φ)− HI J φ˙
IφJ
}
, (6.3.1)
where HI J = −HJ I is a constant anti-symmetric matrix composed out of the flux
parameters ne
HPQ =
γ1
3
dPQene , HI J = 0 , for I, J 6= P ,Q. (6.3.2)
In other words, only for 3-form indices is H non-zero. In the mini-superspace pic-
ture, the metric GI J corresponds to the mini-supermetric of the superspace of all
10-geometries on the Calabi-Yau five-fold X together with the moduli space of the
degrees of freedom originating from the M-theory 3-form. Due to the anti-symmetry of
HI J , the Chern-Simons term cannot be written as a total derivative.
The canonically conjugate momenta pI receive an extra contribution from the Chern-
Simons term
pI =
∂L
∂φ˙I
=
2
N
GI J φ˙J − HI JφJ , (6.3.3)
which leads to the following expression for the Hamiltonian
H = NH0 = N
[
1
4
GI J pI pJ +
1
2
U + 1
2
HI JφI pJ − 14 G
I J HIK HJLφKφL
]
, (6.3.4)
where pI ≡ GI J pJ . Note that the last term is of the same order in the γ-expansion as the
scalar potential U . The Hamiltonian constraint H0 = 0, originating from the equation of
motion of the lapse N, gives rise to the invariance under worldline reparametrizations
τ → τ′(τ) as discussed in section 5.4.3.
Upon promoting φI and pI to operators following (6.2.27), one encounters, at first
sight, another operator ordering ambiguity in the third term in (6.3.4)
HI JφI pJ =HI JG JKφI pK = HI JG JK pKφI = HI J pKG JKφI , but
HI JGˆ JKφˆI pˆK 6= HI JGˆ JK pˆKφˆI 6= HI J pˆKGˆ JKφˆI .
(6.3.5)
A closer inspection reveals, that this is in fact partially resolved thanks to the anti-sym-
metry of HI J , for
HI JGˆ JK pˆKφˆI = −iHI JG JK∂KφI = −i tr H = 0 . (6.3.6)
It remains the case where pˆK is to the left of Gˆ JK. It is important to recall the particular
forms of GI J and HI J : the metric GI J is a block-diagonal matrix in the index blocks
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I = (i,P , a, b¯) and HI J is zero unless I, J = P ,Q. Thus,
HI J pˆKGˆ JKφˆI = HPQ pˆKGˆQKφˆP = HPQ pˆRGˆQRφˆP = −iHPQ∂R(GQR)φP . (6.3.7)
The last expression vanishes since the metric GI J (and its inverse) only depends on the
Ka¨hler and complex structure moduli ti and za, respectively, as can be seen from (6.1.2).
This resolves the apparent factor ordering ambiguity and one instead has the universal
replacement
HI JφI pJ → HI JGˆ JKφˆI pˆK = −iHI JG JKφI∂K , (6.3.8)
The Wheeler-DeWitt equation of our effective theory thus reads as follows[
−1
4
∇2LB +
1
2
U (φ)− i
2
HI JφI∇J − 14 HI J H
I
Kφ
JφK
]
ψ(φ) = 0 , (6.3.9)
where H I K ≡ GI J HJK and∇Iψ ≡ GI J∇Jψ = GI J∂Jψ, since the wave-function behaves
like a scalar in mini-superspace. In this way, the Wheeler-DeWitt equation is written in
a manifestly covariant form.
6.3.1 An (admittedly pathological) example
In section 3.6, we presented some explicit examples of Calabi-Yau five-folds. All the
CICYs with qrα > 0 and the torus quotient have the property h1,2(X) = 0 (and hence
b3(X) = 0). Therefore, HI J = 0 in all our examples and we are left with the original
Wheeler-DeWitt equation [
−1
4
∇2LB +
1
2
U (φ)
]
ψ(φ) = 0 . (6.3.10)
As a first example, we consider the CICYs defined in a single projective space since
their Hodge diamond is particularly simple (see table 3.1). We just have a single (1, 1)-
modulus t, which is related to the volume via V(t) = d · t5/5!, where d is a positive
integer defined as
d ≡
∫
X
J5 =
K
∏
α=1
q1α (6.3.11)
and t > 0 so that V > 0.
However, even for these simplest of all CICY examples, the complex structure
moduli space is highly non-trivial: h1,4(X) is of the order 102 − 103. For now, we will
therefore concentrate on the special case where the (1, 4)-moduli are frozen. In other
words, we restrict our attention to wave-functions that are constant over the complex
structure moduli space, that is ψ = ψ(t).
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0 t
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Figure 6.1: Qualitative behaviour of |ψ1(t)|2 (dashed line) and |ψ2(t)|2 (solid line).
In this case, the Wheeler-DeWitt equation reduces to a second order ordinary
differential equation of the following universal form
ψ′′(t)− 3
2t
ψ′(t)− (γ1dk)2t4ψ(t) = 0 , (6.3.12)
where (·)′ ≡ d/dt and k is the flux parameter g = kJ2. In the absence of a potential
(that is, for k = 0), the general solution takes the form
ψ(t) = At
5
2 + B , (6.3.13)
with integration constants A, B ∈ R. This is an example of a non-normalisable wave-
function.
Returning to the case k 6= 0, we see that the sign of the potential is always negative,
U < 0, and from the experience with ordinary quantum mechanics, one expects an
exponential behaviour of ψ(t). Indeed, explicitly solving eq. (6.3.12) leads to
ψ(t) = ψ1(t) + ψ2(t) ,
ψ1(t) = A t
5
4 I− 512
(
t3
3
)
,
ψ2(t) = B t
5
4 I 5
12
(
t3
3
)
.
(6.3.14)
where again A and B are arbitrary integration constants and we have set (γ1dk)2 = 1,
without loss of generality. The functions Iα(x) are the modified Bessel functions of the
first kind
Iα(x) =
∞
∑
m=0
1
m!Γ(m + α+ 1)
( x
2
)2m+α
, (6.3.15)
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which are solutions of the modified Bessel’s differential equation x2y′′(x) + xy′(x)−(
x2 + α2
)
y(x) = 0. The qualitative behaviour of |ψ1(t)|2 and |ψ2(t)|2 is shown in
figure 6.1. The wave-functions ψ1(t) and ψ2(t) differ in their behaviour at the origin,
namely
ψ1 → 65/12(Γ(7/12))−1A ∼ 1.38 A , ψ2 → 0 , as t→ 0. (6.3.16)
For large t, both ψ1(t) and ψ2(t) diverge exponentially. In other words, a large Calabi-
Yau volume is infinitely more probable than a small one. This is in accord with the
classical behaviour of decompactification exhibited by this model, which was discussed
in section 6.1.
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F-theory on Calabi-Yau Five-Folds
We begin with a few cautionary remarks to save the reader from disappointment when
approaching this chapter. Since its inception in 1996, F-theory [116, 117] has developed
into a vast subject that is involved both mathematically and conceptually (the latter
being mainly due to the “threat” to its physical interpretability from the presence of
more than one time direction). A thorough study of the topic written in the chapter
heading could potentially constitute another thesis in its own right. Here, we will
instead take a very narrow view of F-theory and restrict our attention to a particular
proposal by Khviengia, Khviengia, Lu¨ and Pope (KKLP) [118] of a 12-dimensional
Lagrangian that is possibly related to the full F-theory. After briefly presenting this
proposal, we will concentrate, for the remainder of this chapter, on the application of
our Calabi-Yau five-fold program to this case.
Like in the previous chapter, we can at present merely provide a snapshot of
(unfinished and unpublished) work in progress. In this way however, the attention is
smoothly drawn towards the concluding remarks in the next chapter, where we end
with an outlook and a list of future directions.
7.1 The KKLP proposal1
The starting point of the KKLP proposal [118] is a bosonic field theory in 12 dimensions
whose field content comprises the metric gMN , a dilaton ψ and Abelian 3- and 4-form
gauge fields A and B, respectively. With the formulæ of section 2.1, one counts 54, 1,
120 and 210 independent on-shell degrees of freedom contained in gMN , ψ, A and B,
respectively. This adds up to a total of 54+ 1+ 120+ 210 = 385 bosonic on-shell degrees
of freedom. In the KKLP proposal, it is conjectured that these fields are governed by
1This is not a misprint and should not be confused with the KKLT proposal (named after Kachru,
Kallosh, Linde and Trivedi) in the context of string cosmology.
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the following 12-dimensional action [118]
S12 =
1
2κ212
∫
M
{
R ∗ 1− 1
2
dψ ∧ ∗dψ− 1
2
eαψF ∧ ∗F− 1
2
eβψG ∧ ∗G + γB ∧ F ∧ F
}
,
(7.1.1)
where κ12 is the anticipated 12-dimensional gravitational constant, F = dA is the 4-form
field strength of the 3-form gauge field A, G = dB is the 5-form field strength of the
4-form gauge field B, R is the Ricci scalar of the 12-dimensional metric gMN ,M is the
space-time manifold and α, β and γ are a priori arbitrary coupling parameters. The
equations of motion for gMN , ψ, A and B derived from this action are respectively given
by
RMN =
1
2
(∂Mψ)(∂Nψ) +
1
12
eαψFMM2 ...M4 FN
M2...M4 − 1
160
eαψgMN F2
+
1
48
eβψGMM2 ...M5 GN
M2 ...M5 − 1
600
eβψgMNG2 ,
(7.1.2)
d ∗ dψ = α
2
eαψF ∧ ∗F + β
2
eβψG ∧ ∗G , (7.1.3)
d ∗ (eαψF) = γ
3
G ∧ F , (7.1.4)
d ∗
(
eβψG
)
= −γF ∧ F (7.1.5)
written succinctly in differential form language. In the first equation, we have intro-
duced the abbreviations F2 ≡ FM1 ...M4 FM1...M4 and G2 ≡ GM1 ...M5 GM1 ...M5 .
The action (7.1.1) is singled out essentially uniquely by the following two require-
ments: First, upon dimensional reduction on a circle and in conjunction with a certain
consistent truncation, the theory should yield the bosonic part of 11-dimensional su-
pergravity. Second, when dimensionally reduced on a 2-torus, it should be possible
to reproduce the bosonic sector of 10-dimensional type IIB supergravity (bar the 5-
form self-duality constraint), provided the reduction is, once again, accompanied by a
suitable consistent truncation.
The crucial point here is demanding the existence of the two inequivalent consistent
truncations to the field content of 11-dimensional supergravity and type IIB supergrav-
ity, respectively. This highly non-trivial requirement poses strong constraints on the
possible form of the 12-dimensional theory and fixes the action (7.1.1). The truncations
are necessary because the field content of the 12-dimensional candidate theory is larger
than that of the reduced theories (385 versus 128). This enlarged field content, in
turn, is necessary to accommodate all fields of the lower dimensional theories and is a
consequence of the different field structure of 11-dimensional supergravity and type
IIB supergravity.
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Even the parameters α, β and γ are largely fixed by these requirements. In order to
reproduce 11-dimensional supergravity, γ must be equal to
γ =
√
3
4
. (7.1.6)
Moreover, if the theory is to yield the 10-dimensional dilatonic structure with the global
classical SL(2,R) symmetry of type IIB supergravity, the two remaining parameters α
and β need to satisfy
α2 = −1
5
, β2 = −4
5
(7.1.7)
and hence, α and β are imaginary couplings. It should be noted [118] that α and β
can be turned into real couplings by a field re-definition of the 12-dimensional dilaton
ψ→ iψ. However, ψ then has the wrong sign for its kinetic term.
Further support for the field content and the form of the action of the 12-dimensional
theory is found by oxidising p-branes from type IIB and 11-dimensional supergravity to
12 dimensions [118]. In other words, it is shown how the p-brane solutions of type IIB
and 11-dimensional supergravity follow from classical solutions of the 12-dimensional
theory. However, upon oxidising the M2- and M5-branes from 11 to 12 dimensions,
the brane-like structure is lost. That is, the M-theory branes do not descend from
F-theory branes in a straightforward way. As for the type IIB branes, they can all be
uplifted to 12 dimensions and most of them admit a brane-like interpretation in terms
of various configurations of 12-dimensional F-branes (D = 12 membranes), 3-branes
and 6-branes.
After summarising the evidence for the existence of this 12-dimensional field theory,
we will now briefly describe the truncations necessary to extract type IIB and 11-
dimensional supergravity from it. We begin with the simpler case of 11-dimensional
supergravity. The truncation precedes a dimensional reduction on a circle, M =
M11 × S1. After splitting the 12-dimensional coordinates into xM = (xm, z), where z is
the coordinate on the circle, the truncation can be written as follows
Gm1 ...m5 = 0 , Fmnpz = 0 , F = 0 , ψ = −iφ , Fmnpq =
√
2 Gmnpqz ,
(7.1.8)
where F = dA is the field strength corresponding to the Kaluza-Klein vector Am =
e(3/
√
5)φgmz and φ is the Kaluza-Klein scalar gzz = e−(3/
√
5)φ. It is, of course, not obvious
that this also constitutes a consistent truncation, but KKLP show that this is indeed the
case. The M-theory 3-form A˜ is, up to a rescaling, obtained from the 11-dimensional
components of A (or alternatively from Bmnpz) via A˜mnp =
√
3/2 Amnp =
√
3 Bmnpz.
Through the choice ψ = −iφ, the dilaton disappears and one is left with precisely the
field content of pure 11-dimensional supergravity.
Though not directly relevant for our purposes, we state, for completeness, the
consistent truncation necessary to arrive at type IIB supergravity after the reduction on
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M =M10 × T2 has been performed. The coordinates are labelled xM = (xm, z1, z2),
with z1 (z2) being the coordinate on the first (second) circle. The truncation then reads
as follows
Fmnpq = Gmnpqz1 = Gmnpqz2 = Gmnpz1z2 = Fmnz1z2 = F (1) = F (2) = 0 , ψ = iϕ ,
(7.1.9)
where F (1) (F (2)) is the field strength corresponding to the Kaluza-Klein vector A(1)
(A(2)) of the first (second) circle and ϕ = 23φ1 +
√
5
3 φ2 with gz1z1 = e
−(3/√5)φ1 and
gz2z2 = e
−(4/3)φ2 . The type IIB fields (denoted by tilded symbols) are identified with the
12-dimensional fields in the following way: g˜mn = gmn, B˜mn = Amnz1 , φ˜ =
√
5
3 φ1 − 23φ2,
C˜(0) = A(1)z2 , C˜(2)mn = Amnz2 and C˜(4)mnpq = Bmnpq. Here, g˜mn, B˜, φ˜, C˜(0), C˜(2) and C˜(4) label
the metric, NS-NS B-field, dilaton and R-R 0-, 2- and 4-form fields, respectively.
7.1.1 A word about supersymmetry and the space-time signature
Any field theoretical study of a 12-dimensional theory that is claimed to be related
to string-/M-theory, must of course be accompanied by a discussion of the issues
with supersymmetry and the space-time signature. The 12-dimensional Lorentz group
SO(11, 1) admits both Majorana and Weyl (but not Majorana-Weyl) spinors as its
smallest possible spinor representation. However, both the Majorana and the Weyl
representation have 64 real components (see, for example, ref. [119]) and the small-
est supergravity multiplet (a multiplet with a spin-2 field) gives rise to fields with
spin greater than two. It is generally believed that these higher spin fields lead to
inconsistencies.2
To remedy this situation, it has been suggested to relax the requirement of Lorentzi-
an signature and instead to consider metrics with more general pseudo-Riemannian
signature (−, . . . ,−,+, . . . ,+). Indeed, SO(10, 2) possesses a Majorana-Weyl repre-
sentation with 32 real components, which is exactly the highest number of real su-
percharges believed to be possible in a consistent supergravity theory. However, the
price one has to pay is the presence of two time directions, which potentially means
sacrificing (or at least challenging) physical interpretability. For example, with several
time directions present, the concept of energy ceases to be well-defined and thus, the
action (7.1.1) can no longer be regarded as a low-energy effective field theory of some
elusive complete theory. This is one reason why, in a more conservative and pragmatic
approach, F-theory is commonly regarded as just a very useful “book-keeping device”
to organise non-perturbative solutions of type IIB superstring theory. Interpreted in
this way, the problem of multiple time directions disappears, since the additional two
2It has been argued however, that it might be possible to avoid those problems, for example by giving
up full 12-dimensional Lorentz invariance, or by restricting to higher spin fields that do not couple to
other fields, or by letting the higher spin fields have negative energy.
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dimensions of the two-torus are not taken to exist physically and hence, their signature
is physically irrelevant.
Returning to the KKLP proposal, one first notices that a detailed discussion of the
aforementioned issues is carefully avoided in the original paper [118]. Fortunately, the
general analysis can be carried out in a way that is, to a large degree, independent of
the space-time signature and the signature is therefore deliberately left unspecified
wherever possible. For example, this can be seen by noting that the action (7.1.1)
is manifestly independent of the space-time signature. That is, none of the terms
in (7.1.1) changes sign when changing between (11, 1)- and (10, 2)-signature. However,
regardless of the space-time signature, not all is well when supersymmetry comes into
play. On a practical level, it is difficult to see how the 385 bosonic degrees of freedom can
be matched with an equal number of fermionic degrees of freedom. It is particularly
problematic that the number of bosonic degrees of freedom is odd. A gravitino in
(10, 2)- and (11, 1)-signature has 144 and 288 on-shell degrees of freedom, respectively.
Most intriguingly, 385− 1 = 384 = 12× 32, which suggests a possible matching of
degrees of freedom upon removal of a bosonic degree of freedom. A natural candidate
for removal is the 12-dimensional dilaton ψ. However, ψ is a crucial ingredient in
the reductions and truncations to type IIB and 11-dimensional supergravity, which,
in turn, are the main arguments for the existence of (7.1.1). The next integer greater
than 385 and divisible by 32 is 416 = 13× 32, which could be reached by one gravitino
and four spin-1/2 particles in an (11, 1)-signature (416 = 288+ 4× 32). The excess of
31 = 416− 385 bosons could be compensated by introducing three additional vectors
(3× 10) and a scalar. However, it is not clear how (and if) these extra bosonic fields
can be integrated into the KKLP proposal. Besides that, we have merely presented
numerology and there are compelling arguments why supergravity models cannot
exist in 12 dimensions [10, 120].
We will leave this undecided question aside now and instead adopt the approach
by KKLP, which is to leave the space-time signature unspecified if possible and keep
the discussion general so that it applies to both (11, 1) and (10, 2). In the remainder
of this chapter, we will apply our Calabi-Yau five-fold reduction program to the 12-
dimensional field theory proposed by KKLP.
7.2 KKLP and Calabi-Yau Five-Folds: From D = 12 to D = 2
In this section, we consider the Kaluza-Klein reduction of the 12-dimensional action
given by (7.1.1) on a space-time manifold of the form M = Σ × X, where X is a
Calabi-Yau five-fold and Σ is a two-dimensional (pseudo-)Riemannian manifold. This
is interesting, because as we will see, Σ can be interpreted as a string-worldsheet
embedded into the moduli space of Calabi-Yau five-folds.
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We will proceed along the lines of the bosonic reduction of M-theory on Calabi-Yau
five-folds presented in section 5.2. In particular, we will employ the same notation for
the moduli spaces and follow the same logical order. We thus start by presenting the
Kaluza-Klein ansatz for the bosonic fields onM = Σ× X.
7.2.1 The reduction ansatz
We begin with the ansatz for the 12-dimensional line element
ds2 = γαβdσαdσβ + gmn(ti, za, z¯a¯)dxmdxn , (7.2.1)
where (σα,γαβ) and (xm, gmn) are the local coordinates and metrics on Σ and X, respec-
tively. The indices take the values α, β, . . . = 1, 2 and m, n, . . . = 1, . . . , 10. The Calabi-
Yau metric gmn is Ricci flat and parametrised by the Ka¨hler and complex structure
moduli denoted ti = ti(σα) and za = za(σα), respectively. As in the one-dimensional
case in chapter 5, gravity in two-dimensions is non-dynamical, but we will keep γαβ
as a field, for now. While gmn has purely positive signature, the two-dimensional
metric γαβ has either (−,+) or (−,−) signature depending on whether one starts with
(11, 1) or (10, 2) signature in 12 dimensions. Note that the most general ansatz does
not contain a Kaluza-Klein vector, owing to h1,0(X) = 0.
The next field is the dilaton, which is a scalar and thus we merely drop the xm-
dependence
ψ(σα, xm) = ψ(σα) (7.2.2)
to arrive at the proper Kaluza-Klein ansatz.
Next, we need to consider the form fields. We begin with the 3-form gauge field
A = XPNP + Ai ∧ωi , (7.2.3)
with Ai = Aiαdσα and otherwise using the same notation as in (5.2.5). Vectors do not
contain any dynamical degrees of freedom in two dimensions and hence Ai can be set
to zero right from the outset. Like the 2-metric γαβ, we will nonetheless keep it for now
and set it to zero later.
Finally, the 4-form gauge field B is decomposed as follows
B = bXOX + BP ∧ NP + Ci ∧ωi , (7.2.4)
with b4(X) real scalars bX , b3(X) real vectors BP = BPα dσα and h1,1(X) real 2-form fields
Ci = 12 C
i
αβdσ
α ∧ dσβ. The 2-form fields can be dualised to scalars Ci ∼ Ciαβeαβd2σ =
C˜id2σ and, just as the vectors Ai and Bp, are not dynamical. In fact, Ci ∧ ωi is closed
and thus the C˜i play the same roˆle as the gauge degrees of freedom µi in (5.2.4).
125
CHAPTER 7. F-THEORY ON CALABI-YAU FIVE-FOLDS
7.2.2 Performing the bosonic reduction
We will now plug the ansatz into the action (7.1.1) and perform a Kaluza-Klein reduc-
tion. Let us begin with the Einstein-Hilbert term. The calculation is largely similar
to the one in section 5.2.2 and will be omitted save for some instructive intermediate
results. The first step is calculating the Christoffel symbols for the metric ansatz (7.2.1).
One finds
Γαβγ = Γ
(2)α
βγ , Γ
α
βm = 0 , Γ
α
mn = −
1
2
γαβgmn,β ,
Γmαβ = 0 , Γ
m
αn =
1
2
gmpgpn,α , Γmnp = Γ˜
m
np ,
(7.2.5)
where here and in the following the tilde denotes purely 10-dimensional quantities on
X. From there, the Riemann tensor is computed. We do not need all components of
the Riemann tensor as we are only interested in the Ricci scalar R = γαβRαβ + gmnRmn
with RMN = γαβRαMβN + gpqRpMqN . After exploiting the symmetries of the Riemann
tensor, we only need to know three independent components, namely Rαβγδ, Rαmβn
and Rmnpq. We skip writing down these lengthy expressions and jump directly to the
result for the Ricci scalar
R = R(2) − 1
4
γαβgmngpq
(
gmp,αgnq,β + gmn,αgpq,β
)−∇(2)α (γαβgmngmn,β) , (7.2.6)
where R(2) and ∇(2)α are the Ricci scalar and covariant derivative with respect to the 2-
metric γαβ and we have dropped terms containing the Ricci tensor of X, which vanishes
by definition for Calabi-Yau five-folds, that is R˜mn = 0. After integrating by parts, the
Einstein-Hilbert term with the ansatz inserted reads as follows∫
M
R ∗ 1 =
∫
Σ
d2σ
√
|γ|
∫
X
d10x
√
g
{
−1
4
γαβgmngpq
(
gmp,αgnq,β − gmn,αgpq,β
)
+ R(2)
}
,
(7.2.7)
Now, we change to local holomorphic coordinates zµ on X and insert eq. (5.2.18) (with
the dot replaced by ∂α). The final form of the reduced Einstein-Hilbert term is then
found to be
∫
M
R ∗ 1 =
∫
Σ
d2σ
√
|γ|
{
−1
8
G(1,1)ij (t)(∂αt
i)(∂αti)
− 2V(t)G(1,4)ab¯ (z, z¯)(∂αza)(∂α z¯b¯) +V(t)R(2)
}
, (7.2.8)
with the physical moduli space metrics as presented in section 5.2.3.
In addition, we need the field strengths F = dA and G = dB for the form field
ansa¨tze (7.2.3)-(7.2.4) and their Hodge duals
F = dXP ∧ NP + Fi ∧ωi , G = dbX ∧OX + GP ∧ NP , (7.2.9)
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∗F = −1
2
JPQ
(
∗(2)dXP
)
∧ NQ ∧ J2 −
(
∗(2)Fi
)
∧
(
1
3!
J3 ∧ωi + i4! ω˜i J
4
)
, (7.2.10)
∗G =
(
∗(2)dbX
)
∧
(
∗(10)OX
)
+
1
2
JPQ
(
∗(2)GP
)
∧ NQ ∧ J2 , (7.2.11)
where we have introduced the two-dimensional field strengths Fi ≡ dAi = 12∂αAiβdσα ∧
dσβ and GP = dBP . To derive the expressions for ∗F and ∗G, we have used the
results (3.4.2) and (3.5.44). Where no confusion is possible, we will henceforth denote
the two-dimensional Hodge star ∗(2) simply by ∗.
Inserting the ansa¨tze (7.2.1)-(7.2.4) together with the last four equations into the
action (7.1.1) and integrating over the Calabi-Yau five-fold, one arrives at the following
two-dimensional effective action
S2 =
T
2
∫
Σ
{
−1
8
G(1,1)ij (t)dt
i ∧ ∗dti − 2V(t)G(1,4)ab¯ (z, z¯)dza ∧ ∗dz¯b¯ −
1
2
V(t)dψ ∧ ∗dψ
−1
2
eαψ
[
G(3)PQ(t, z, z¯)dX
P ∧ ∗dXQ + 2V(t)G(1,1)ij (t)Fi ∧ ∗Fj
]
−1
2
eβψ
[
G(4)XY (t)db
X ∧ ∗dbY + G(3)PQ(t, z, z¯)GP ∧ ∗GQ
]
+V(t)R(2) ∗ 1
}
+ S2,CS , (7.2.12)
where T ≡ v4/5/κ212 is the “string tension3”, the moduli space metrics G(1,1)ij , G(1,4)ab¯ ,
G(3)PQ and G(1,1)ij have been defined in (5.2.21)-(5.2.23) and (3.5.12), respectively, and the
only new object is the 4-form moduli space metric defined as
G(4)XY (t) ≡
∫
X
OX ∧ ∗OY . (7.2.13)
The Chern-Simons contribution S2,CS is explicitly given by
S2,CS = −T2 γdXPQ
∫
Σ
bX ∧ dXP ∧ dXQ , (7.2.14)
with intersection number dXPQ ≡
∫
X OX ∧ NP ∧ NQ. By employing differential form
language in (7.2.12), we have arrived at an action that is the same for both (−,+) and
(−,−) signature.
Assuming (−,+) signature, all but two kinetic terms have the appropriate sign
such as to yield a positive energy expression. The two exceptions are the ψ kinetic term
and another one in the (1, 1)-sector corresponding to the negative eigenvalue direction
of the (1, 1)-metric. To see the former explicitly, perform a simultaneous rescaling
3The power of the coordinate volume v =
∫
X d
10x has been inserted into the definition of T so that it
has the correct mass dimension for a tension, namely (mass)2 (or (length)−2). Compensating powers of v
also need to be inserted into the definitions of the moduli space metrics but are suppressed in order to
keep equations concise. If needed, the powers of v can easily be reconstructed by demanding objects to
take on their correct mass dimensions.
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ψ → iψ, α → −iα and β → −iβ. The only change in the action (7.2.12) induced by
this rescaling is a flipped sign in front of the dilaton kinetic term, while all other terms
remain unchanged in form but are now manifestly real. Thus, the only terms with a
negative contribution to the total energy stem from the dilaton kinetic term and, by the
same arguments as in chapter 6, from the single negative direction in the (1, 1)-sector.
7.2.3 Strings on moduli spaces
The action (7.2.12) still contains terms involving the (non-dynamical) gauge degrees of
freedom Ai and BP . It is however consistent with their equations of motion
d ∗
(
eαψVG(1,1)ij Fj
)
= 0 , d ∗
(
eβψG(3)PQG
Q
)
= 0 (7.2.15)
to set them to zero and we will do so henceforth. By combining the other fields into
one large vector φI = (ti, za, z¯b¯,ψ, XP , bX ), the remaining terms in the action (7.2.12)
can be written in a concise way as
S2 = −T2
∫
Σ
d2σ
√
|γ|
{
γαβGI J(φ)∂αφI∂βφJ − R(2)(γ)V(φ)
}
+ S2,CS , (7.2.16)
with a block-diagonal metric GI J comprising the individual moduli space metrics in
the appropriate way. This two-dimensional sigma-model is a generalisation of the
Polyakov action (also known as Brink-DiVecchia-Howe-Deser-Zumino action) of a
bosonic string moving in a target space with embedding coordinates φI(σ). In our
case, the target space is the n-dimensional moduli space of deformations around the
Calabi-Yau five-fold X, where n can be read off from the I-index range
n = h1,1(X) + 2h1,4(X) + 2h1,2(X) + 2h1,3(X) + h2,2(X) + 1 (7.2.17)
and the target space metric GI J has (n− 2, 2)-signature irrespective of the signature of
the 12-dimensional space-time manifoldM. The two negative directions correspond to
the worldsheet dilaton ψ and the negative eigenvalue in the (1, 1)-metric as explained
above. Intriguingly, the Calabi-Yau volume V plays the roˆle of the target-space dilaton
and its expectation value 〈V〉 is related to the string coupling constant gs via gs = e〈V〉
(or g2o = e〈V〉, for open strings) in the string interpretation of the sigma-model (7.2.16).
The classical equations of motion following from (7.2.16) are
∇α∇αφI + ΓIJK∂αφJ∂αφK +
1
2
R(2)GI J
∂V
∂φJ
+ CI = 0 , (7.2.18)
G(2)αβ = V
−1GI J∂αφI∂βφJ − 12γαβV
−1GI J∂γφI∂γφJ , (7.2.19)
where ΓIJK is the Christoffel symbol associated with GI J , C
I is the contribution from the
Chern-Simons term (7.2.14) and G(2)αβ is the two-dimensional Einstein tensor. Recall,
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that gravity is non-dynamical in two-dimensions and may be gauged away. After
gauge fixing the worldsheet metric, the two-dimensional Einstein tensor G(2)αβ vanishes
and Einstein’s equation turns into the constraint of the vanishing of the worldsheet
energy-momentum tensor
Tαβ = V−1GI J∂αφI∂βφJ − 12γαβV
−1GI J∂γφI∂γφJ = 0 . (7.2.20)
This is analogous to the Hamiltonian constraint (5.4.26) in chapter 5.
After choosing conformal gauge γαβ = ηαβ (with ηαβ = diag(−1,+1) or ηαβ =
diag(−1,−1)) and changing to holomorphic coordinates z = σ1 + iσ2, the gauge fixed
action is simply given by
S2 =
T
2
∫
Σ
d2z GI J(φ)
(
∂φI∂φJ + ∂¯φI ∂¯φJ
)
+ S2,CS , (7.2.21)
for ηαβ = diag(−1,+1) and
S2 = T
∫
Σ
d2z GI J(φ)∂φI ∂¯φJ + S2,CS , (7.2.22)
for ηαβ = diag(−1,−1). Here, d2z = dzdz¯ ≡ 2dσ1dσ2, ∂ = ∂/∂z and ∂¯ = ∂/∂z¯.
The action (7.2.16) has the well-known symmetries of bosonic string theory, namely
target-space Poincare´ invariance, worldsheet reparametrisation (or two-dimensional
diffeomorphism) invariance and local Weyl (or conformal) invariance. To check that
the Chern-Simons term respects conformal invariance, recall the conformal weights,
denoted wt(·), of various objects in the theory
wt(σα) = −1 , wt(∂α) = 1 , wt(γαβ) = 2 , wt(φI) = 0 . (7.2.23)
It is then straightforward to see that wt(d) = 0 and wt(S2,CS) = 0, which means
the Chern-Simons term is indeed conformally invariant. In addition to the standard
symmetries of the bosonic string, the two axion-like scalars XP and bX originating
from the 12-dimensional form fields A and B possess a Peccei-Quinn shift symmetry
XP (σ)→ XP ′(σ) = XP (σ) + cP , (7.2.24)
bX (σ)→ bX ′(σ) = bX (σ) + cX , (7.2.25)
where the cP and cX are sets of real constants. This is in full analogy to the case of M-
theory on Calabi-Yau Five-Folds (see section 5.4.3). The invariance of the first two terms
in the action (7.2.16) is a consequence of the fact that GI J and V are independent of XP
and bX and those fields only occur differentiated there. The Chern-Simons term (7.2.14)
varies into a total derivative under the Peccei-Quinn transformations (7.2.24)-(7.2.25).
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We end this section with a curious observation. It is well-known that quantum
consistency (namely, the absence of a conformal anomaly) requires the target-space of
the bosonic string to be 26-dimensional. In our case, the string moves in the moduli
space of deformations around the Calabi-Yau five-fold X and the dimension of this
target space was given in eq. (7.2.17) in terms of the Hodge numbers of X. Thus, in
order for our dimensional reduction to be consistent at the quantum level, it seems that
we must restrict to those Calabi-Yau five-folds X which satisfy
n = h1,1(X) + 2h1,4(X) + 2h1,2(X) + 2h1,3(X) + h2,2(X) + 1 = 26 . (7.2.26)
This places constraints on the possible topology of X. Intriguingly enough, amongst all
the explicit examples of Calabi-Yau five-folds studied in this thesis, there is precisely one
that satisfies this constraint. It is the torus quotient (T2)5/Z42 introduced in section 3.6.2.
With the result (3.6.32)-(3.6.33) for the Hodge numbers of (T2)5/Z42, one verifies
n = 5+ 2 · 5+ 2 · 0+ 2 · 0+ 10+ 1 = 26 . (7.2.27)
By the same argument, the simplest CICYs with small configuration matrices studied
in section 3.6.1 are ruled out on the sole ground that h1,4(X) is of the order 102 or even
103.
7.3 Connection with M-theory on Calabi-Yau Five-Folds
To end this chapter, we would like to mention how the two-dimensional action (7.2.16)
is related to the one-dimensional effective theory obtained from reducing M-theory
on Calabi-Yau Five-Folds. In the original KKLP proposal, it was shown how 11-
dimensional supergravity emerges from the 12-dimensional action (7.1.1) by a reduction
on S1 in conjunction with the consistent truncation stated in (7.1.8). We will now apply
the same steps to the case whereM = Σ× X. In other words, the total space is further
decomposed asM = R× S1 × X.
We may start with the reduction on a circle from 12 to 11 dimensions and directly
adopt the result given in ref. [118]
S′11 =
1
2κ211
∫ {
R ∗ 1− 1
2
dψ ∧ ∗dψ− 1
2
dφ ∧ ∗dφ− 1
2
e−(1/
√
5)φ+αψF4 ∧ ∗F4
−1
2
e(7/3
√
5)φ+αψF3 ∧ ∗F3 − 12 e
−(4/3√5)φ+βψG5 ∧ ∗G5
−1
2
e(2/
√
5)φ+βψG4 ∧ ∗G4 − 12 e
−(10/3√5)φF ∧ ∗F
}
+ S′11,CS , (7.3.1)
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where κ211 = κ
2
12/(2pi), F = F4 + F3 ∧ dz = dA3 + dA2 ∧ dz, G = G5 + G4 ∧ dz =
dB4 + dB3 ∧ dz, F = dA and
ds212 = e
φ/(3
√
5)ds211 + e
−(3/√5)φ(dz +A)2 , (7.3.2)
with z the coordinate on the circle. The Chern-Simons terms, including the corrections
to the field strengths F4 and G5, are given by
S′11,CS =
1
2κ211
∫ {
γB3 ∧ F4 ∧ F4 + 2γB4 ∧ F3 ∧ F4
+e−(1/
√
5)φ+αψF3 ∧A ∧ ∗F4 + e−(4/3
√
5)φ+βψG4 ∧A ∧ ∗G5
}
. (7.3.3)
The next step is our Calabi-Yau five-fold reduction. For the metric, we choose the same
ansatz as in section 5.2.1 (see (5.2.3))
ds211 = −
1
4
N(τ)2dτ2 + gmn(ti, za, z¯a¯)dxmdxn . (7.3.4)
The ansa¨tze for the form fields are chosen as follows (cf. (5.2.5))
A3 = X˜PNP , A2 = Aiωi , B4 = bXOX , B3 = Y˜PNP , A = 0 .
(7.3.5)
Note thatA does not contribute any dynamical degrees of freedom to the one-dimensio-
nal action, since h1,0(X) = 0 and one-dimensional vectors are non-dynamical.
Plugging this reduction ansatz into the action (7.3.1) and using the results from
section 5.2.2 leads to the following one-dimensional action
S′1 =
l
2
∫
dτN−1
{
1
4
G(1,1)ij (t)t˙
i t˙j + 4V(t)G(1,4)ab¯ (z, z¯)z˙
a ˙¯zb¯ +V
(
ψ˙2 + φ˙2
)
+
1
2
e−(1/
√
5)φ+αψG(3)PQ(t, z, z¯)
˙˜XP ˙˜XQ +
1
2
e(2/
√
5)φ+βψG(3)PQ(t, z, z¯)
˙˜YP ˙˜YQ
+2e(7/3
√
5)φ+αψV(t)G(1,1)ij (t)A˙i A˙j + e−(4/3
√
5)φ+βψG(4)XY (t)b˙
X b˙Y
}
. (7.3.6)
Note that none of the Chern-Simons terms in (7.3.3) contributes to the one-dimensional
action.
Of course, one could also have arrived at the same one-dimensional action by
reducing first on the Calabi-Yau five-fold X to two dimensions and then one the circle.
In this case, the metric ansatz (7.3.2) is re-grouped to read
ds212 = γαβdσ
αdσβ + eφ/(3
√
5)gmn(ti, za, z¯a¯)dxmdxn , (7.3.7)
which amounts to a Weyl rescaling of the Calabi-Yau metric, as compared to the
standard reduction ansatz (7.2.1). The form field ansa¨tze are as in section 7.2.1. This
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ansatz leads to a modified two-dimensional action, denoted S′2, which contains a kinetic
term for φ and powers of eφ inserted as pre-factors into the terms in the action (7.2.12).
The reduction to one dimension is then performed using the following ansatz for the
2-metric
ds2 = γαβdσαdσβ = −14 e
φ/(3
√
5)N(τ)2dτ2 + e−(3/
√
5)φdz2 (7.3.8)
and for the other fields in (7.2.12), we merely drop the z-dependence. The result of
that reduction is our modified one-dimensional action (7.3.6) (after some relabelling of
fields), as expected.
Now, we will turn to the question of how the action (7.3.6) can be truncated consis-
tently to yield the one-dimensional effective theory from our M-theory on Calabi-Yau
five-folds reduction in chapter 5. We will be guided by the original KKLP proposal and
use the truncation (7.1.8) with our reduction ansatz inserted. This first leads to
A˙i = b˙X = 0 . (7.3.9)
This is consistent with their respective equations of motion, which read
d
dτ
(
N−1e(7/3
√
5)φ+αψV(t)G(1,1)ij (t)A˙j
)
= 0 , (7.3.10)
d
dτ
(
N−1e−(4/3
√
5)φ+βψG(4)XY (t)b˙
Y
)
= 0 . (7.3.11)
Following ref. [118], we now choose α = i/
√
5 and β = −2i/√5 and assemble ψ and φ
into a single complex field w according to
w =
1√
2
(−φ+ iψ) , w¯ = 1√
2
(−φ− iψ) . (7.3.12)
After setting A˙i = b˙X = 0 and introducing the new field w, the action (7.3.6) reduces to
S′1 =
l
2
∫
dτN−1
{
1
4
G(1,1)ij (t)t˙
i t˙j + 4V(t)G(1,4)ab¯ (z, z¯)z˙
a ˙¯zb¯ + 2Vw˙ ˙¯w
+
1
2
e
√
2/5 wG(3)PQ(t, z, z¯)
˙˜XP ˙˜XQ +
1
2
e−2
√
2/5 wG(3)PQ(t, z, z¯)
˙˜YP ˙˜YQ
}
(7.3.13)
and the equations of motion for w and w¯ can be read off directly
d
dτ
(
N−1V(t)w˙
)
= 0 , (7.3.14)
d
dτ
(
N−1V(t) ˙¯w
)
=
1
4
√
2
5
(
e
√
2/5 wG(3)PQ(t, z, z¯)
˙˜XP ˙˜XQ − 2e−2
√
2/5 wG(3)PQ(t, z, z¯)
˙˜YP ˙˜YQ
)
,
(7.3.15)
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which shows that it is consistent to set w = w¯ = 0, provided
˙˜XP =
√
2 ˙˜YP . (7.3.16)
With this identification and w = w¯ = 0, the action can be written as
S1 =
l
2
∫
dτN−1
{
1
4
G(1,1)ij (t)t˙
i t˙j + 4V(t)G(1,4)ab¯ (z, z¯)z˙
a ˙¯zb¯ +
1
2
G(3)PQ(t, z, z¯)X˙
P X˙Q
}
,
(7.3.17)
where XP = (
√
3/2)X˜P =
√
3 Y˜P . This is precisely the one-dimensional effective
action (5.2.20) obtained from the reduction of M-theory on Calabi-Yau five-folds. Note
that in order for this identification to work, we had to reduce both M-theory and
F-theory on the same Calabi-Yau five-fold X. Hence, this does not give rise to mirror
symmetry for Calabi-Yau five-folds.
To summarise, we illustrate the result of this section with the help of the following
commutative diagram
S12
S1−−−→ S′11 trunc.−−−→ SCJS,ByCY5 yCY5 yCY5
S′2
S1−−−→ S′1 trunc.−−−→ S1
(7.3.18)
We showed in this section that one may follow around the arrows in this diagram
in an arbitrary order. Thus, the two-dimensional string action (7.2.12) obtained from
reducing the KKLP action (7.1.1) contains the one-dimensional effective action (5.2.20)
that originated from the M-theory reduction as a special case.
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Conclusion
8.1 Summary
This thesis explored Calabi-Yau five-folds as compactification manifolds for physical
theories. These manifolds are ten-dimensional and therefore, compactifications on
such spaces can only be performed for theories originally defined in more than ten
dimensions. This uniquely singles out M-theory and F-theory as the realm of Calabi-
Yau five-fold compactifications. Both of these possibilities have been studied in this
thesis at least at the field theoretical level. The focus, however, has clearly been on the
M-theory setting.
In chapters 2 and 3, we developed the necessary physical (chapter 2) and mathe-
matical (chapter 3) background knowledge. More precisely, we reviewed some aspects
of M-theory and 11-dimensional supergravity in chapter 2, mostly focusing on those
elements that are directly relevant to later parts of the thesis. Chapter 3 introduced the
mathematics of Calabi-Yau manifolds in general and briefly detoured into the history
of how Calabi-Yau spaces entered the physics literature. The second part of this chapter
concentrated on special properties of five-folds and on constructing explicit examples of
such manifolds. The latter turned out to be important, since M-theory – as we learned
in chapter 5 – places constraints on the possible Calabi-Yau five-fold backgrounds. In
such a situation, explicit examples that satisfy these constraints serve as an existence
proof of such compactification models or – in other words – are a way of re-assuring
that one is not dealing with an empty set.
Chapter 4 was devoted to another preparatory topic, namely to one-dimensional
N = 2 superspace. While this is in general not a new subject, we found that we needed
some generalisations of the results contained in the literature. In order to develop a
solid base for our application to M-theory, we opted for a systematic exposition of
one-dimensional N = 2 flat and curved superspace.
The great amount of time we spent developing the background material in the
first review-like chapters was rewarded in chapter 5, where the reduction of M-theory
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on Calabi-Yau five-folds is presented in its entirety. We started off by exploring the
implications of a Calabi-Yau five-fold background. In other words, what properties
must such a background have in order to be consistent with the 11-dimensional equa-
tions of motion? We found that the M-theory corrected equations of motion impose
a topological constraint forcing the fourth Chern class of the Calabi-Yau five-fold to
be proportional to the square of the internal fluxes and to the membrane classes on
the manifold. In the absence of flux and membranes, this constraint allows only those
five-folds as valid compactification backgrounds that have vanishing fourth Chern
class.
We also analysed the Killing spinor equation for a Calabi-Yau five-fold background.
In the quest to obtain supersymmetric solutions, we found that they can be satisfied
by constraining the 4-form flux to be primitive and purely of (2, 2)-type. This, in turn,
leads to a lifting of the otherwise totally flat moduli space, since the Ka¨hler and complex
structure moduli are now forced to evolve only in such a way as to ensure the chosen
4-form flux obeys the aforementioned restrictions at all times (or otherwise the solution
is non-supersymmetric).
Before studying the flux compactifications in more detail, we presented the lowest-
order Kaluza-Klein reduction of 11-dimensional supergravity on Calabi-Yau five-folds.
Due to the peculiar features of one-dimensional supersymmetry, the usual procedure
of performing only the bosonic reduction and then guessing the supersymmetric
completion is not guaranteed to work in our case. Therefore, we also dimensionally
reduced the fermionic part up to the two-fermi level and indeed we found purely
fermionic multiplets, which we would have missed had we only reduced the bosonic
side. We then used the results from chapter 4 to write the one-dimensional effective
action in superspace. In this way, we could summarise the effective theory in a concise
way and make all its symmetries manifest. Moreover, it served as a check that the
lower-dimensional theory indeed possesses N = 2 supersymmetry.
In the last part of chapter 5, we studied flux compactifications. A first concern
was establishing the existence of viable examples of compactification manifolds. At
this point, the explicit constructions of chapter 3 were put to use. We showed how
the various constraints can be satisfied for some five-folds, while in other cases the
constraints rule out certain examples. After re-assuring ourselves that we were not
dealing with an empty set of compactification manifolds, we moved on to calculating
the corrections from flux and higher-order terms in the 11-dimensional action to the one-
dimensional effective theory. In accord with the general expectation, the inclusion of
flux leads to a scalar potential in the one-dimensional theory. After finding the potential,
we showed how it can be obtained from a Gukov-type superpotential. This derivation
is in parts similar to the case of Calabi-Yau four-folds. However, differences arise
when one attempts to incorporate the restrictions stemming from the Killing spinor
equation into the lower-dimensional effective theories. The condition of primitivity of
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the 4-form flux can in both cases be implemented by requiring the superpotential to
be independent of the Ka¨hler moduli. In our case, this actually leads to a vanishing
scalar potential. The second condition – namely the vanishing of the (1, 3)-part of the
4-form flux – could only be included as an implicit constraint equation. Ultimately,
this is related to the fact that our scalar potential only depends on the Ka¨hler moduli
and not on the complex structure moduli, which, in turn, is a consequence of a sign
difference between the expressions for the Hodge duals of (2, 2)- and (1, 3)-forms. On
the other hand, in the four-fold case, a second – complex structure moduli dependent –
superpotential arises and imposing its independence of the complex structure moduli
ensures the absence of the (1, 3)-part of the 4-form flux.
In the remaining two chapters, we provided an overview of some ongoing (and
largely unpublished) work in progress. Chapter 6 is concerned with connecting the
one-dimensional effective theory with physics, focusing on a possible cosmological
interpretation. In the first part, we studied some classical solutions of the bosonic
part of the one-dimensional effective action, again putting to use the explicit examples
of Calabi-Yau five-folds disclosed in chapter 3. Since it is not clear whether one is
eventually only interested in supersymmetric solutions (after all, the world around us
is non-supersymmetric), we also included some non-supersymmetric examples.
Leaving the realm of classical field theory, one first notices that our one-dimensional
action is actually a mini-superspace model. To illustrate this fact, we briefly reviewed
some prominent topics in quantum gravity research, namely (quantum) geometro-
dynamics and mini-superspace quantisation. We then applied mini-superspace tech-
niques to quantise our one-dimensional sigma model and obtained a Wheeler-DeWitt
equation, which is a generalisation of the usual Wheeler-DeWitt equation of mini-
superspace models. The extra corrections originate from the Chern-Simons term in the
one-dimensional action. We showed that despite the corrections, the Wheeler-DeWitt
equation can be written in a manifestly covariant way and an apparent additional factor
ordering ambiguity is resolved owing to the particular properties of the Chern-Simons
term. Just to give a taste, the model was quantised for a simple (yet unrealistic) class
of examples, namely those with only a single Ka¨hler modulus. The solution is merely
formal as it is exponentially diverging leading to decompactification and thus to an
invalidation of our approximations.
The last chapter looked beyond M-theory and eleven dimensions. Indeed, in
chapter 7, we applied our Calabi-Yau five-folds reduction program to a particular
proposal by Khviengia, Khviengia, Lu¨ and Pope (KKLP) of a 12-dimensional field
theory that is possibly related to F-theory. We began by summarising the KKLP
proposal and discussing some of the issues with 12-dimensional theories. Finally,
we dimensionally reduced the KKLP action on a Calabi-Yau five-fold from 12 to two
dimensions. The result is a two-dimensional sigma-model coupled to two-dimensional
gravity, which can be interpreted as a bosonic string moving in the moduli space of
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Calabi-Yau five-folds. It is known from ordinary string theory that quantum consistency
requires the target space to be 26-dimensional. In our case, the target space is the
moduli space and its dimension is determined by the Hodge numbers of the Calabi-
Yau manifold. Hence, quantum consistency turns into a topological constraint on the
possible Calabi-Yau backgrounds and with the torus quotient T10/Z42, we found an
example which satisfies this constraint.
A guiding principle of KKLP was the condition that 11-dimensional supergravity
(and type IIB supergravity) be embeddable into the 12-dimensional action. It was
therefore interesting to see how (and if) this embedding can be performed at the level
of the lower-dimensional theories obtained from Calabi-Yau five-fold reductions. The
way 11-dimensional supergravity emerges from the KKLP action is by a dimensional
reduction on a circle accompanied by a consistent truncation of the fields. A similar
process was anticipated in our lower-dimensional scenario. To check this, we first
reduced the KKLP action from 12 to one dimension on a Calabi-Yau five-fold times a
circle (this can actually be done in two equivalent ways, since CY5 × S1 ∼= S1 ×CY5).
Then – led by the original KKLP case – we found a way to consistently truncate our
one-dimensional action such as to land on the effective theory obtained from reducing
M-theory.
8.2 Outlook and future directions
The possible applications of Calabi-Yau five-folds in M- and F-theory have by far not
been exhausted. By investing considerable efforts into developing the generalities of
Calabi-Yau five-fold compactifications, we have paved the way for a wide variety of
different directions in which to pursue and extend this research programme further.
A very interesting question within the context of “moduli space cosmology” is
whether it is possible to find explicit models in which three spatial dimensions (that is,
three directions inside the compact Calabi-Yau five-fold) dynamically grow large at late
times thereby offering a novel way of explaining why our universe has three spatial
dimensions. First steps towards this admittedly ambitious aim were made in chapter 6.
However, the Wheeler-DeWitt equation from the mini-superspace quantisation of our
non-linear sigma models is in general a highly-coupled, non-linear, higher-order partial
differential equation, which means resorting to numerical methods save for the simplest
cases.
Before turning to such a notoriously difficult question regarding the dynamics, it
is perhaps instructive to first study a much simpler kinematical question: Assuming
one is in a region of the five-fold moduli space where three directions are large, what
properties does an effective decompactification limit to four dimensions have? For
example, how much supersymmetry does it possess and can one learn something about
the cosmological constant (perhaps along the lines of ref. [22])? A simple example that
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can presumably be worked out rather explicitly is the torus quotient T10/Z42 with a
T10 = T3 × T7 split, where T3 is large compared to T7 and such that the full manifold
is still complex, of course. It is conceivable (by supersymmetry arguments) that such
decompactifications to four dimensions could be linked to M-theory on G2-manifolds.
Returning to the question regarding the dynamics, it would also be interesting
to investigate into the important question of “naturalness.” In other words, how
abundant are models that exhibit a 3 + 7 split at late times in the entire Calabi-Yau
five-fold landscape? Finally, another possible approach to making contact with four
dimensions, is to study the application of brane gas cosmology to our Calabi-Yau
five-fold reductions of M-theory.
In a somewhat different direction goes the full-fledged treatment of general five-
fold flux compactifications, which first and foremost amounts to studying the 11-
dimensional Killing spinor equation for Calabi-Yau five-fold backgrounds (and includ-
ing higher-order corrections) in the language of G-structures (here, G = SU(5)). This
also involves studying higher-order corrections to the lowest order Calabi-Yau five-fold
background, in a way that is more general than the analysis we begun in chapter 5. For
example, one may wish to allow for a warping of the full 11-dimensional metric or one
may study deviations away from genuine Calabi-Yau manifolds.
Finally, the possible generalisation to F-theory that was started in chapter 7 is far
from a complete story. Instead of restricting to field theoretical methods a` la KKLP,
it would be interesting to study full F-theory on Calabi-Yau five-folds. This involves
considering Calabi-Yaus with toric fibrations to allow for the embedding of the F-theory
torus. Returning to KKLP, there are a number of question that can be asked about
the two-dimensional sigma-model action obtained from our reduction. For example,
can it be completed supersymmetrically in such a way as lead to our one-dimensional
effective theory from M-theory on five-folds upon reduction on a circle plus a consistent
truncation a` la KKLP and does this have implications for the elusive fermionic side of
the 12-dimensional theory? Does the Calabi-Yau five-fold reduction favour a particular
space-time signature and is there a relation to four dimensions?
Several of the problems mentioned in this section are currently under investigation.
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“Let no one ignorant of Mathematics enter here.”
— Inscription above the doorway of PLATO’s Academy
Appendix A
Notation and Conventions
A.1 Symbols, Generalities and Space-Time Signatures
A complete list of symbols was given at the beginning of this thesis on pages 7-8 and is
to be consulted first for any questions regarding the meaning of a symbol, a notation or
an otherwise unknown expression. Beyond this list, some explanatory remarks on the
general philosophy of our conventions are in order.
First of all, a word on index choices: Indices are by default curved indices and we
refer to their corresponding tangent space indices by underlining the same set of letters.
Despite this convention, a large number of different index sets need to be used and the
restricted size of the alphabet inevitably leads to a re-using of the same letters to serve
as index labels in different contexts. It is hoped that this does not lead to confusion and
a strong effort is made to always (re-)define the meaning and range of indices before
their first (re-)use. The list of symbols on pages 7-8 provides information on all global
index choices. The scope of index labels not listed there is restricted to the section in
which they are defined.
Moreover, Einstein’s summation convention is implicitly used throughout the
entire thesis. This means any index that appears twice in an expression is summed
over unless otherwise stated. Also, we set c = h¯ = 1 everywhere. In the physics-
context, the number of space-time dimensions is invariably denoted by D. On the
other hand, we often use n to denote the dimension of a manifold in the mathematical
chapters and appendices. In addition, we always choose the “mainly plus” notation
ηMN = diag(−,+,+, . . . ,+) for manifolds equipped with a Lorentzian signature
metric. In other words, all spatial directions are positive, whereas the time direction is
singled out as being the negative direction. This generalises smoothly to the two-time
signatures in the F-theory context, where the 10 spatial directions are still positive while
the two time directions are negative, (−,−,+,+, . . . ,+).
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Symmetrisations and anti-symmetrisations over sets of indices are carried out with
“weight one.” In other words
ω(µ1 ...µn) ≡
1
n!
(ωµ1...µn + perm.) , ω[µ1 ...µn] ≡
1
n!
(ωµ1 ...µn ± perm.) , (A.1.1)
and indices enclosed in | . . . | are not to be included in the (anti)-symmetrisation. A
useful formula is the expansion of the anti-symmetrisation [. . .] in terms of µ1
ω[µ1 ...µn] =
1
n
n
∑
i=1
(−1)i−1ω[µ2...µi |µ1|µi+1 ...µn] , (A.1.2)
with special case
ω[µ1...µn] =
1
n
ωµ1 ...µn + (−1)n−1
n− 1
n
ω[µ2 ...µn]µ1 (A.1.3)
applicable when ω is totally anti-symmetric in the last (n− 1) indices.
A.2 Spinor and γ-matrix conventions in various dimensions
We now turn to our spinor conventions and start in 11 dimensions. The 11-dimensional
(32× 32-component) gamma matrices ΓM satisfy the Clifford algebra
{ΓM, ΓN} = 2ηMN1 32×32, (A.2.1)
where ηMN = diag(−1,+1, . . . ,+1). Curved gamma matrices ΓM are constructed by
contracting with an inverse vielbein ΓM = eMN Γ
N . Dirac spinors Ψ in 11 dimensions
have 32 complex components and are anti-commuting objects. We are working in
the Majorana representation in which the gamma matrices are real, (ΓM)∗ = ΓM, and
all spatial gamma matrices are symmetric, (Γm)T = Γm, whereas the timelike gamma
matrix is anti-symmetric, (Γ0)T = −Γ0. These properties combine into the following
important formulæ:
(ΓM)† = Γ0ΓMΓ0 and (ΓM)T = Γ0ΓMΓ0 . (A.2.2)
We define the Dirac conjugation matrix D and charge conjugation matrix C by
(ΓM)† = −DΓMD−1 and (ΓM)T = −CΓMC−1 , (A.2.3)
which are satisfied by choosing D = C = iΓ0. From eq. (A.2.2), one can infer useful
expressions for the transpose (and hermitian conjugate) of anti-symmetric products of
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gamma matrices ΓM1...Mn ≡ Γ[M1 · · · ΓMn], namely
(ΓMN)T = Γ0ΓMNΓ0 , (A.2.4)
(ΓMNP)T = −Γ0ΓMNPΓ0 , (A.2.5)
(ΓMNPQ)T = −Γ0ΓMNPQΓ0 , (A.2.6)
(ΓMNPQR)T = Γ0ΓMNPQRΓ0 , (A.2.7)
(ΓMNPQRS)T = Γ0ΓMNPQRSΓ0 , (A.2.8)
with the same formulæ holding true for the hermitian conjugate. The Dirac and
Majorana conjugates of an 11-dimensional Dirac spinor Ψ are given by Ψ¯ ≡ Ψ†D =
iΨ†Γ0 and Ψc ≡ ΨTC = iΨTΓ0, respectively. The Majorana condition
Ψc = Ψ¯ , (A.2.9)
thus amounts to a Majorana spinor ΨMaj. having real components, that is
Ψ∗Maj. = ΨMaj. . (A.2.10)
All 11-dimensional spinors appearing in this thesis are taken to be Majorana and
therefore satisfy eq. (A.2.10).
The 11-dimensional gamma matrix identities used in this thesis can be succinctly
summarised in the following formula (see ref. [24, 53]; for an outline of the proof, see
ref. [121])
ΓMi ...M1ΓN1...N j =
min(i,j)
∑
k=0
k!
(
i
k
)(
j
k
)
δ
[M1
[N1
· · · δMkNk Γ
Mi ...Mk+1]Nk+1 ...N j] , (A.2.11)
which is valid for i + j ≤ 11. The case i + j > 11 can be reduced to the previous case by
means of the following important duality relation [24, 53, 121]
ΓM1...Mi =
(−1)(i+1)(i−2)/2
(11− i)! ε
M1...M11ΓMi+1 ...M11 , (A.2.12)
where the totally anti-symmetric ε-symbol is such that ε0...10 = −ε0...10 = −1 (see
appendix A.3).
The 10-dimensional Euclidean gamma matrices γm satisfy the Clifford algebra
{γm,γn} = 2δmn1 32×32 . (A.2.13)
In accordance with our 11-dimensional conventions they are chosen to be real matrices
and are, hence, also symmetric. The ten dimensional chirality operator γ(11) is given by
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γ(11) = iγ1 · · · γ10, (A.2.14)
and it satisfies the relations (γ(11))2 = 1 32×32, (γ(11))∗ = −γ(11), (γ(11))T = −γ(11) and
{γ(11),γm} = 0. Ten-dimensional Dirac spinors η are 32-dimensional complex, as in
11 dimensions, and are taken to be commuting. Positive (negative) chirality spinors η
(η?) are then defined by γ(11)η = η (γ(11)η? = −η?). Written in complex coordinates
the anti-commutation relations for the gamma matrices read
{γµ,γν¯} = 2 δµν¯1 32×32, {γµ,γν} = {γµ¯,γν¯} = 0 . (A.2.15)
As usual, the gamma matrices in complex coordinates can be interpreted as creation
and annihilation operators. If one defines a “ground state” η by
γµ¯η = 0 , (A.2.16)
then η has positive and η? negative chirality. The other spinor states are obtained by
acting with up to five creation operators γµ on η.
In one dimension, there is only a single gamma matrix γ (a 1× 1 matrix) which
we take to be γ = −i. This choice complies with the one-dimensional Clifford algebra
{γ,γ} = −2, which has the correct sign since our single dimension τ is time-like.
One-dimensional Dirac spinors ψ are complex one-component anti-commuting objects
and we often denote their complex conjugate by ψ¯ = (ψ)∗. Complex conjugation of a
product of two anti-commuting objects is defined to be
(ψ1ψ2)∗ ≡ ψ¯2ψ¯1 . (A.2.17)
Note the change of order on the right hand side, which resembles the operation of
Hermitian conjugation in higher dimensions.
Spinorial differentiation and Berezin integration are the same operations and satisfy
the relations
∂θθ = 1, ∂θ θ¯ = 0, ∂θ¯θ = 0, ∂θ¯ θ¯ = 1,
∂2θ = 0, ∂
2
θ¯ = 0, {∂θ , ∂θ¯} = 0 ,
(A.2.18)
where ∂θ ≡ ∂/∂θ and ∂θ¯ ≡ ∂/∂θ¯ = −(∂θ)∗. The rules for Berezin integration can be
read off by replacing ∂θ →
∫
dθ and ∂θ¯ →
∫
dθ¯. We also abbreviate d2θ ≡ dθdθ¯ so that∫
d2θ θθ¯ = −1 . (A.2.19)
The relation between 11-, 10- and one-dimensional gamma matrices is summarised
by the decomposition
Γ0 = (−i)⊗ γ(11), Γm = 1 1×1 ⊗ γm, (A.2.20)
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where the tensor product between a complex number and a 32× 32 matrix has been
introduced solely to make contact with similar formulæ for compactifications to more
than one dimension. As can be checked quickly, the matrices (A.2.20) indeed satisfy
the 11-dimensional anti-commutation relations (A.2.1) and (A.2.2), provided the γm
satisfy the 10-dimensional anti-commutation relations (A.2.13). Dirac spinors Ψ in 11-
dimensions can be written as (linear combinations of) tensor products of the form ψ⊗ η,
where ψ and η are one- and 10-dimensional spinors, respectively. An 11-dimensional
Majorana spinor ΨMaj. can be decomposed as
ΨMaj. = ψ⊗ η + ψ¯⊗ η? . (A.2.21)
A.3 Differential forms, cohomology and (pseudo-)Riemanni-
an geometry
We choose conventions – largely following ref. [34] – such that a p-form ω on a differ-
entiable manifoldM can be written in local coordinates xµ as follows
ω ≡ 1
p!
ωµ1 ...µp dx
µ1 ∧ · · · ∧ dxµp . (A.3.1)
The components ωµ1...µp are by definition totally anti-symmetric in all indices, that is
ωµ1...µp = ω[µ1...µp]. The combinatorial pre-factor ensures, in particular, that for p = D
we have ω = ω0...ddx0 ∧ · · · ∧ dxd, where D denotes the dimension ofM, d ≡ D− 1
and Lorentzian signature is assumed. For Euclidean signature, the corresponding
relation is ω = ω1...Ddx1 ∧ · · · ∧ dxD.
A p-form ω and a q-form η can be combined to yield a (p + q)-form by means of
the wedge-product ∧ defined as
ω ∧ η = 1
(p + q)!
(ω ∧ η)µ1 ...µp+q dxµ1 ∧ · · · ∧ dxµp+q
≡ 1
p!q!
ωµ1...µpηµp+1 ...µp+q dx
µ1 ∧ · · · ∧ dxµp+q ,
(A.3.2)
where (ω ∧ η)µ1 ...µp+q = (p+q)!p!q! ω[µ1...µpηµp+1...µp+q]. The exterior derivative d maps the
p-form ω into the (p + 1)-form dω ≡ ∂ ∧ω. In local coordinates, it is given by
dω =
1
p!
∂µωµ1 ...µp dx
µ ∧ dxµ1 ∧ · · · ∧ dxµp . (A.3.3)
The exterior derivative is nilpotent d2 = 0 and satisfies the generalised Leibniz rule
d(ω ∧ η) = dω ∧ η + (−1)degωω ∧ dη , (A.3.4)
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where degω ≡ p for a p-form ω.
We now turn to Riemannian manifolds (or pseudo-Riemannian manifolds for the
case of Lorentzian metrics). With the help of the metric, the Hodge-star operation ∗,
which linearly maps the p-form ω into the (D− p)-form ∗ω, is defined as follows
∗ω ≡ 1
p!(D− p)!ω
µ1 ...µpeµ1 ...µpµp+1 ...µD dx
µp+1 ∧ · · · ∧ dxµD , (A.3.5)
where eµ1 ...µD is the curved totally-antisymmetric e-tensor in D dimensions.
Starting with flat space, we adopt the convention ε0...d ≡ +1 (ε1...D ≡ +1 for Eu-
clidean signature) and define the ε-symbol with upper indices as εµ1...µD ≡ (−1)s εµ1 ...µD ,
where s corresponds to the number of minus signs in the signature of the metric. In
flat space, ε is a numerical invariant. The curved space equivalent is the totally anti-
symmetric tensor density e related to ε by
eµ1 ...µD ≡
√
|g|εµ1 ...µD , (A.3.6)
where g ≡ det gµν. The indices on e are raised and lowered as usual, using the metric
gµν, and it follows that
eµ1 ...µD =
1√|g| εµ1...µD = (−1)s 1√|g| εµ1 ...µD . (A.3.7)
The fundamental ε-symbol identity in D dimensions is (see, for example, ref. [102] pp.
432):
εµ1 ...µnν1 ...νpεµ1 ...µnρ1...ρp = n! p! δ[ν1|ρ1|δν2|ρ2| · · · δνp−1|ρp−1|δνp]ρp , (A.3.8)
valid for all n and p with n + p = D. The curved space version is given by
eµ1 ...µnν1...νpeµ1 ...µnρ1 ...ρp = (−1)s n! p! δν1 ...νpρ1 ...ρp , (A.3.9)
valid for all n and p with n + p = D and the generalised Kronecker-δ is defined as
δ
ν1 ...νp
ρ1 ...ρp ≡ δ[ν1[ρ1 · · · δ
νp]
ρp]
= δν1[ρ1 · · · δ
νp
ρp]
= δ[ν1ρ1 · · · δ
νp]
ρp .
With the help of the e-tensor identity, one verifies the Hodge duality relation
∗ ∗ω = (−1)s+(D+1)degωω . (A.3.10)
The Hodge-star induces an inner product (·, ·) on the space of p-forms. It is defined as
(ω, η) ≡
∫
M
ω ∧ ∗η = 1
p!
∫
M
ωµ1...µpη
µ1 ...µp
√
|g|dDx (A.3.11)
for two p-forms ω and η. Via the inner product, the defining property of the adjoint d†
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of the exterior derivative d can be stated as follows
(dω, η) =
(
ω, d†η
)
(A.3.12)
for all (p− 1)-forms ω and all p-forms η. The adjoint – or codifferential – maps p-forms
into (p− 1)-forms and, using ∫ d(ω ∧ ∗η) = 0 and (A.3.10), one arrives at the explicit
expression d† = (−1)D(p+1)+s+1 ∗ d∗ when acting on p-forms. In local coordinates, one
finds
d†ω = − 1
(p− 1)!∇
µ1ωµ1...µp dx
µ2 ∧ · · · ∧ dxµp . (A.3.13)
Like d, the codifferential is nilpotent, d†2 = ∗d ∗ ∗d ∝ ∗d2∗ = 0. A further differential
operator – the Laplacian ∆ – is defined by
∆ ≡ (d + d†)2 = dd† + d†d . (A.3.14)
It maps p-forms into p-forms and satisfies[
∆ ∗ −(−1)s ∗ ∆
]
ω = 0 . (A.3.15)
A p-form ω is called closed (co-closed) if it satisfies dω = 0 (d†ω = 0) and exact (co-
exact) if there exists a (p −(+) 1)-form η such that ω = dη (ω = d†η), globally. The space
of closed (exact) p-forms onM is denoted by Zp(M) (Bp(M)). The p-th de Rham co-
homology group Hp(M) is defined by Hp(M) ≡ Zp(M)/Bp(M) and the dimension
of Hp(M) is usually referred to as the p-th Betti number, bp(M) ≡ dim Hp(M). A
differential form ω satisfying ∆ω = 0 is called harmonic. Harmonicity is equivalent to
being both closed and co-closed. Hodge’s theorem states that on a compact orientable
Riemannian manifoldM, the space of harmonic p-forms Harmp(M) is isomorphic to
Hp(M).
Finally, the invariant volume element ΩM is defined as
ΩM ≡

√|g| dx0 ∧ · · · ∧ dxd for Lorentzian manifolds ,√|g| dx1 ∧ · · · ∧ dxD for Euclidean manifolds . (A.3.16)
When integrated over the entire manifoldM, it measures the volume V ofM
V ≡ vol(M) =
∫
M
ΩM . (A.3.17)
By virtue of the Hodge star, (A.3.16) can be re-expressed in a coordinate-invariant
fashion
ΩM = ∗1 (A.3.18)
upon using dxµ1 ∧ · · · ∧ dxµD = (−1)s√|g|eµ1...µD dx0 ∧ · · · ∧ dxd. The invariant volume
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element ΩM is an example of a top form, that is a form whose degree is equal to the
number of dimensions of the manifold it is defined on.
A.4 Complex geometry and Ka¨hler manifolds
In this section, we lay down our conventions, which largely follow refs. [34, 48], and
summarise some mathematical results on differential forms on complex manifolds and
on complex geometry. The complex dimension of a complex manifoldM is denoted by
n ≡ dimCM and we will consider Hermitian metrics with Euclidean signature onM.
On a complex manifold, the 2n real coordinates xm, where m = 1, . . . , 2n, can
locally be re-arranged into n holomorphic coordinates zµ, where µ = 1, . . . , n, and n
anti-holomorphic coordinates z¯µ¯, where µ¯ = 1¯, . . . , n¯, via
zµ =
1√
2
(
xµ + i xµ+n
)
, z¯µ¯ =
1√
2
(
xµ¯ − i xµ¯+n) . (A.4.1)
This amounts to fixing the complex structure, a globally-defined smooth tensor J of
rank (1, 1) with defining properties1 J 2 = −1 and J ∗ = J , to
Jµν = iδµν , Jµ¯ ν¯ = −iδµ¯ ν¯ . (A.4.2)
The complexification (A.4.1) applies more generally to contravariant vectors. Higher
rank tensors are complexified by transforming each index separately according to
eqs. (A.4.1) and are split into (p, q) index types by means of the projection operators
P± ≡ (1 ∓ iJ )/2, which obey (P±)2 = P±, P±P∓ = 0, (P±)∗ = P∓ and P+ + P− = 1 .
That is, a (p, q)-tensor T satisfies
(P+)p(P−)qT = T . (A.4.3)
Covariant vectors vµ are complexified according to
vCµ =
1√
2
(
vRµ − ivRµ+n
)
, vCµ¯ =
1√
2
(
vRµ¯ + iv
R
µ¯+n
)
. (A.4.4)
The choice of signs and numerical factors in (A.4.1) and (A.4.4) ensures that index
contractions are converted with weight one
Tm1...mi Um1...mi =
i
∑
j=0
Tµ1 ...µj ν¯1...ν¯i−jUµ1 ...µj ν¯1 ...ν¯i−j . (A.4.5)
The metric gmn is complexified using (A.4.4) for each index. The complexified metric is
denoted by Gµν¯. By assumption, it is a Hermitian, JµρJν¯ γ¯Gργ¯ = Gµν¯, (0, 2)-tensor with
1In this section, the notations (·)∗ and (·) are used interchangeably to denote complex conjugation.
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(1, 1) index structure. Note that
ds2 = gmndxmdxn = 2Gµν¯dzµdz¯ν¯ , (A.4.6)
gmngmn = 2 Gµν¯Gµν¯ = 2n , (A.4.7)√
|g| = G , (A.4.8)
where g ≡ det gmn and G ≡ det Gµν¯.
After these preliminary remarks, we now turn to differential forms on complex
manifolds. An r-form can be split according to (A.4.3) into (p, q)-forms, with p + q = r.
In our conventions, a (p, q)-form ω is defined in local holomorphic coordinates as
follows
ω ≡ 1
p!q!
ωµ1...νp ν¯1...ν¯q dz
µ1 ∧ · · · ∧ dzµp ∧ dz¯ν¯1 ∧ · · · ∧ dz¯ν¯q . (A.4.9)
The components of ω are separately anti-symmetric in the holomorphic and anti-holo-
morphic indices, ωµ1...νp ν¯1...ν¯q = ω[µ1 ...µp]ν¯1...ν¯q = ωµ1...µp[ν¯1 ...ν¯q]. With this definition and
the original expression (A.3.2) for the wedge product, one arrives at
ω ∧ η = 1
pω!qω!pη !qη !
ωµ1 ...µpω ν¯1...ν¯qω ηρ1...ρpη σ¯1 ...σ¯qη
dzµ1 ∧ · · · ∧ dzµpω ∧ dz¯ν¯1 ∧ · · · ∧ dz¯ν¯qω∧
dzρ1 ∧ · · · ∧ dzρpη ∧ dz¯σ¯1 ∧ · · · ∧ dz¯σ¯qη , (A.4.10)
for the wedge-product of a (pω, qω)-form ω and a (pη , qη)-form η. The wedge-product
satisfies ω ∧ η = ω ∧ η. The Hodge-star ∗ω of a (p, q)-form ω is an (n− q, n− p)-form
and in local holomorphic coordinates, it is given by
∗ω = i
n(−1) n(n−1)2 +np
p!(n− p)!q!(n− q)!ω
µ¯1 ...µ¯pν1 ...νqeµ¯1 ...µ¯neν1 ...νn
dzνq+1 ∧ · · · ∧ dzνn ∧ dz¯µ¯p+1 ∧ · · · ∧ dz¯µ¯n . (A.4.11)
Note that em1 ...m2n becomes eµ1 ...µneν¯1 ...ν¯n when changing from real to complex (holomor-
phic) coordinates on a Hermitian manifold. The e-tensor conventions are the same as
in appendix A.3. The Hodge-star satisfies
∗ω = ∗ω¯ , (A.4.12)
∗ ∗ω = (−1)p+qω . (A.4.13)
The inner product is inherited from (A.3.11). For two (p, q)-forms ω and η, it reads
(ω, η) =
∫
M
ω ∧ ∗¯η = i
n(−1) n(n−1)2
p!q!
∫
M
ωµ1...µp ν¯1...ν¯qη
µ1 ...µp ν¯1 ...ν¯q G d2nz , (A.4.14)
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where ∗¯η ≡ ∗η = ∗η¯ and d2nz ≡ dz1 ∧ · · · ∧ dzn ∧ dz¯1¯ ∧ · · · ∧ dz¯n¯. The expression (ω, η)
is hermitian, (ω, η) = (η,ω), as is indeed required for an inner product.
From the complex structure J and the Hermitian metric Gµν¯, one can build a (1, 1)-
form Jµν¯ ≡ JµρGρν¯ called the Ka¨hler – or fundamental – form. In local holomorphic
coordinates, one has
J = iGµν¯dzµ ∧ dz¯ν¯ . (A.4.15)
It is straightforward to verify that J is real, J∗ = J, and that it is related to the invariant
volume element ΩM = ∗1 via
Jn
n!
= in(−1) n(n−1)2 G d2nz
=
√
|g| d2nx = ∗1 ,
(A.4.16)
where we have used d2nz = (−i)n(−1) n(n−1)2 d2nx, which follows from (A.4.1). Upon
integration over M, (A.4.16) becomes Wirtinger’s theorem. A Hermitian manifold
whose Ka¨hler form is closed, dJ = 0, is called Ka¨hler manifold. Closedness of J also
implies co-closedness, d† J = 0, and is hence logically equivalent to J being harmonic,
∆J = 0.
In analogy to the local coordinates, the exterior derivative d can be decomposed
into holomorphic and anti-holomorphic parts, d = ∂+ ∂¯, called Dolbeault operators.
They map a (p, q)-form ω into a (p + 1, q)- and a (p, q + 1)-form, respectively. In local
coordinates, they are given by
∂ω =
1
p!q!
∂µ1ωµ2 ...µp+1 ν¯1...ν¯q dz
µ1 ∧ · · · ∧ dzµp+1 ∧ dz¯ν¯1 ∧ · · · ∧ dz¯ν¯q , (A.4.17)
∂¯ω =
(−1)p
p!q!
∂ν¯1ωµ1 ...µp ν¯2 ...ν¯q+1 dz
µ1 ∧ · · · ∧ dzµp ∧ dz¯ν¯1 ∧ · · · ∧ dz¯ν¯q+1 . (A.4.18)
They share with d the property of being nilpotent, d2 = ∂2 = ∂¯2 = 0. Furthermore, they
satisfy (∂)∗ = ∂¯ and {∂, ∂¯} = 0.
Similarly, the codifferential d† decomposes into holomorphic and anti-holomorphic
parts, d† = ∂† + ∂¯†, where ∂† ≡ − ∗ ∂¯∗ and ∂¯† ≡ − ∗ ∂∗. The local coordinate versions
are
∂†ω =
(−1)q+1
(p− 1)!q!∇
µ1ωµ1 ...µp ν¯1 ...ν¯q dz
µ2 ∧ · · · ∧ dzµp ∧ dz¯ν¯1 ∧ · · · ∧ dz¯ν¯q , (A.4.19)
∂¯†ω =
(−1)p+1
p!(q− 1)!∇
ν¯1ωµ1 ...µp ν¯1 ...ν¯q dz
µ1 ∧ · · · ∧ dzµp ∧ dz¯ν¯2 ∧ · · · ∧ dz¯ν¯q . (A.4.20)
They map (p, q)-forms into (p− 1, q)- and (p, q− 1)-forms, respectively and satisfy
∂†2 = ∂¯†2 = 0, (∂†)∗ = ∂¯† and {∂†, ∂¯†} = 0. In analogy to (A.3.14), one defines
151
APPENDIX A. NOTATION AND CONVENTIONS
Laplacians corresponding to ∂ and ∂¯ via
∆∂ ≡ (∂+ ∂†)2 = ∂∂† + ∂†∂ , (A.4.21)
∆∂¯ ≡ (∂¯+ ∂¯†)2 = ∂¯∂¯† + ∂¯†∂¯ , (A.4.22)
which map (p, q)-forms into (p, q)-forms and satisfy
∗¯∆∂¯ = ∆∂¯∗¯ , ∗∆∂¯ = ∆∂∗ . (A.4.23)
The space of ∂¯-closed (p, q)-forms is called (p, q)-cocycle and is denoted by Zp,q
∂¯
(M),
whereas the space of ∂¯-exact (p, q)-forms is called (p, q)-coboundary and is denoted by
Bp,q
∂¯
(M). The quotient of the two spaces is called the (p, q)-th ∂¯-cohomology group,
Hp,q
∂¯
(M) ≡ Zp,q
∂¯
(M)/Bp,q
∂¯
(M). The Hodge numbers hp,q(M) are defined as the
complex dimension of the (p, q)-th ∂¯-cohomology group, hp,q(M) ≡ dimC Hp,q∂¯ (M).
A (p, q)-form ω satisfying ∆∂¯ω = 0 is called ∂¯-harmonic and the space of ∂¯-harmonic
(p, q)-forms is denoted by Harmp,q
∂¯
(M). The form ω is ∂¯-harmonic if and only if it is
both ∂¯-closed and ∂¯-co-closed. Hodge’s theorem carries over to the case of complex
manifolds, where it becomes Harmp,q
∂¯
(M) ∼= Hp,q
∂¯
(M).
An important result is the fact that on a Ka¨hler manifold the three different Lapla-
cians ∆, ∆∂ and ∆∂¯ coincide,
∆ = 2∆∂ = 2∆∂¯ , (A.4.24)
which establishes a connection between the Hodge and Betti numbers, namely br(M) =
∑p+q=r hp,q(M).
Finally, we introduce a concept that proves useful in the context of physics ap-
plications. Namely, a natural map ˜(·) from the space of (p, q)-forms to the space of
(p− 1, q− 1)-forms defined by contraction with the inverse Hermitian metric Gµν¯
ω˜ ≡ 1
(p− 1)!(q− 1)!ωµ1...µp ν¯1 ...ν¯q−1
µp dzµ1 ∧ · · · ∧ dzµp−1 ∧ dz¯ν¯1 ∧ · · · ∧ dz¯ν¯q−1 (A.4.25)
for p > 0 and q > 0. Using (A.4.24) and the covariant constancy of the metric,
∇µGνρ¯ = ∇µ¯Gνρ¯ = 0, one can prove that on a Ka¨hler manifold ω˜ is harmonic if ω is.
To show this, the following two intermediate results are useful
∂¯ω˜ = −(˜∂¯ω) , (A.4.26)
∂¯†ω˜ = −(˜∂¯†ω) . (A.4.27)
They are obtained by direct computations in local coordinates, using (A.4.17)-(A.4.20)
and the covariant constancy of the metric. The proof of harmonicity is immediately
completed by recalling that ∆∂¯ω = 0 if and only if ∂¯ω = ∂¯
†ω = 0.
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Note that J˜ = n i and more generally, if ω is a harmonic (1, 1)-form, then ω˜ is a
harmonic (0, 0)-form, that is a constant. To determine this constant, we first introduce
a map κ from a set of n (1, 1)-forms {ωi}i=1,....n to C via
κ(ω1, . . . ,ωn) ≡
∫
M
n∧
i=1
ωi . (A.4.28)
The map κ is related to the invariant volume element ΩM in the following way∫
M
ΩM =
κ(J, . . . , J)
n!
, (A.4.29)
where eq. (A.4.16) has been used. A direct computation in local coordinates then yields
κ(ω, J, . . . , J) = (n− 1)!(−i) ω˜
∫
M
ΩM , (A.4.30)
where the fact that ω˜ is a constant, if ω is a harmonic (1, 1)-form, has been used to take
it out of the integral. Eqs. (A.4.29) and (A.4.30) determine the constant ω˜ to be
ω˜ = n i
κ(ω, J, . . . , J)
κ(J, . . . , J)
. (A.4.31)
Beyond the usefulness in the foregoing calculation, there is, in fact, a rich area of
mathematics related to the ˜(·)-map. This area is intimately linked to the representation
theory of SL(2,C). To make contact with the mathematical literature (see, for example,
refs. [122–125]), we introduce the so-called Lefschetz operator L and its dual Λ = L† by
L : Ap,q(M)→ Ap+1,q+1(M), Lω ≡ ω ∧ J ,
Λ : Ap,q(M)→ Ap−1,q−1(M), Λω ≡
(−1)qω˜ if p, q ≥ 1,0 otherwise,
(A.4.32)
where Ap,q(M) is the vector space of (p, q)-forms onM. As is customary for linear
maps, the parentheses around the arguments of L and Λ are omitted. The results we
list in the following are valid for compact Ka¨hler manifoldsM of complex dimension
n and can be found, for example, in the textbooks [122–125]. We have already shown
above that Λ preserves the harmonicity of a differential form. The same is also true for
L. This is succinctly summarised by
[L,∆] = [Λ,∆] = 0 . (A.4.33)
Another useful relation is
[L,Λ] = p + q− n , (A.4.34)
valid for all ω ∈ Ap,q(M). The lengthy proof, which can for example be found in
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refs. [122, 123], is done in a local coordinate patch chosen such that the metric is flat in
this patch. Eqs. (A.4.33)-(A.4.34) are a subset of the so-called Hodge identities, which
summarise relations among the various operators defined on Ka¨hler manifolds. Owing
to eq. (A.4.33), L and Λ naturally map between the cohomology groups Hp,q(M). In
particular, one defines the primitive (p, q)-cohomology Hp,q0 (M) ⊂ Hp,q(M) as the
space of harmonic (p, q)-forms ω satisfying Λω = 0. In other words
Hp,q0 (M) ≡ (kerΛ) ∩ Hp,q(M) . (A.4.35)
In addition, the complex dimension of Hp,q0 (M), denoted by hp,q0 (M), is related to the
Hodge numbers via
hp,q0 (M) = hp,q(M)− hp−1,q−1(M) , (A.4.36)
for p + q ≤ n. The formula (A.4.36) shows that hp,q0 (M) is a topological invariant,
which is surprising given that Hp,q0 (M) is defined with respect to the Ka¨hler class J. It
can be shown that
Λω = 0 ⇐⇒ Ln−p−q+1ω = 0 (A.4.37)
and hence Hp,q0 (M) = (ker Ln−p−q+1) ∩ Hp,q(M). An explicit example of a primitive
(p, q)-form is given by the local coordinate expression dz1 ∧ · · · ∧ dzp ∧ dz¯ p¯+1¯ ∧ · · · ∧
dz¯ p¯+q¯ (see ref. [125]). An important result is the so-called Hard-Lefschetz decompo-
sition, which asserts that the cohomology groups can be decomposed into a sum of
primitive pieces as follows
Hp,q(M) = ⊕
0≤i≤ p+q2
Li Hp−i,q−i0 (M) . (A.4.38)
More explicitly, when this is applied to a harmonic (p, q)-form ω(p,q), one learns that
ω(p,q) can be decomposed according to
ω(p,q) = ω(p,q)0 +ω
(p−1,q−1)
0 ∧ J +ω(p−2,q−2)0 ∧ J2 + . . . , (A.4.39)
where ω(p,q)0 ∈ Hp,q0 (M) and ω(p,q) is primitive precisely if ω(p,q) = ω(p,q)0 . The Hodge-
dual of a primitive (p, q)-form ω0 is given by
∗ω0 = cω0 ∧ Jn−p−q , (A.4.40)
where the complex coefficient c can be read off from (3.4.2) and together with (A.4.37),
it follows that L ∗ω0 = (∗ω0) ∧ J = 0.
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Detailed calculations and proofs
Details of some longer calculations and proofs, which were omitted in the main text to
avoid distraction, are collected together in this appendix. These details are not crucial
for the main text and if anything, they would have threatened to interrupt the flow
of the presentation. Nonetheless, the interested reader might find these additional
details useful, especially when a closer exposition to the content matter is desired, for
example through checking and reproducing some of the results presented in this thesis.
Therefore, instead of omitting these calculations and proofs altogether, a compromise
was found by relegating them to this appendix.
B.1 Outline of the proof of local supersymmetry of the CJS
action
Section 2.1 constitutes a short review of some of the key elements of 11-dimensional
supergravity found by Cremmer, Julia and Scherk (CJS) in 1978 [11]. The explicit
proof of supersymmetry of the CJS action is not found in the recent literature very
frequently. Hence, we decided to present some details of the proof in this appendix.
A check of supersymmetry will also reassure us that there are no mistakes regarding
signs or numerical factors in the formulæ we present in section 2.1. This is relevant for
later chapters where the supersymmetry of the 11-dimensional theory is used to draw
conclusions about properties of the lower dimensional effective theories obtained by
dimensional reduction.
We will consider bosonic terms and terms quadratic in fermions at most. That
means, in particular, 4-fermi terms are ignored and we will deal with the action as
written in eqs. (2.1.2) and (2.1.8) and the supersymmetry transformations (2.1.16),
(2.1.17) and (2.1.19). For more detailed calculations, we refer to refs. [24, 53]. In
contrast to section 2.1, we drop the superscript (11) on the infinitesimal 11-dimensional
supersymmetry parameter e(11) and abbreviate it simply to e for ease of notation.
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Before actually applying a supersymmetry variation on the action, we need two
auxiliary results derived in most textbooks on general relativity (see for example
refs. [102, 3]):
δ
√−g = 1
2
√−ggMNδgMN , (B.1.1)
δR = RMNδgMN + (total divergence) . (B.1.2)
By varying both sides of δM N = gMPgPN , one learns
δgMN = −gMPgNQδgPQ δ→δe= −2e¯Γ(MΨN) . (B.1.3)
Recall that the 4-form field strength G is, at least locally, given by G = dA or in
components GMNPQ = 4∂[M A NPQ]. For its variations, one learns
δGMNPQ = 4∂[M δA NPQ]
δ→δe= −12∇[M (e¯ΓNPΨQ]) , (B.1.4)
δG2 = 2GMNPQδGMNPQ + 4GMPQRGNPQRδgMN . (B.1.5)
where G2 ≡ GMNPQGMNPQ. Combining the previous two equations, one obtains
δe
∫
M
d11x
√−g G2 = ∫
M
d11x
√−g{G2e¯ΓMΨM + 4!(∇MGMNPQ)e¯ΓNPΨQ
−8GMPQRGNPQRe¯ΓMΨN
}
,
(B.1.6)
δe
∫
M
G ∧ G ∧ A = 3
2(4!)2
∫
M
d11x
√−g eM1...M11 GM1...M4 GM5...M8 e¯ΓM9 M10ΨM11 (B.1.7)
after integrating by parts and using the Bianchi identity dG = 0.
We are now ready to compute the supersymmetry variation of the bosonic ac-
tion (2.1.2):
δeSCJS,B = − 12κ211
∫
M
d11x
√−g{2e¯ΓMΨN [GMN − 112 GMPQRGN PQR + 196 gMNG2
]
+
1
2
e¯ΓNPΨQ
[
∇MGMNPQ + 12(4!)2 GM1 ...M4 GM5 ...M8e
M1 ...M8 NPQ
]}
, (B.1.8)
deploying the Einstein tensor GMN ≡ RMN − 12 gMN R. Note that the two square
brackets, when set to zero, correspond to the equations of motion for the metric and
3-form, respectively (cf. eqs. (2.1.10) and (2.1.15)).
Next, we turn to the supersymmetry variation of the fermionic action (2.1.8). Since
we are working at the (fermi)2-level, we only need to keep the supersymmetry varia-
tions of the gravitino, for the supersymmetry variations of the metric and 3-form solely
contribute 4-fermi terms when applied to the fermionic action. In a first step, we vary
the gravitino in the fermionic action (2.1.8) without inserting the explicit expression for
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the variation:
δeSCJS,F = − 12κ211
∫
M
d11x
√−g{(δeΨM)ΦM(1) + Φ¯M(2)(δeΨM) + (fermi)4} , (B.1.9)
where
ΦM(1) = Γ
MNPDN(ω)ΨP +
1
96
(
ΓMNPQRSΨS + 12gMNΓPQΨR
)
GNPQR , (B.1.10)
Φ¯M(2) = Ψ¯PΓ
PNMDN(ω) +
1
96
(
Ψ¯NΓNPQRSM + 12Ψ¯PΓQRgMS
)
GPQRS . (B.1.11)
The first step is to show that the first two terms in eq. (B.1.9) are equal to each other. To
this end, note first of all that the first term in eq. (B.1.11) contains a covariant derivative
acting to the right. Integrating the first term in eq. (B.1.11) by parts yields
Φ¯M(2) = −(DNΨP)ΓPNM +
1
96
(
Ψ¯NΓNPQRSM + 12Ψ¯PΓQRgMS
)
GPQRS , (B.1.12)
where the covariant constancy of the metric ∇MgNP = 0 and vielbein ∇MePN = 0 has
been used to push the covariant derivative through
√−g and the curved gamma matri-
ces (the notation ∇M and DM is used interchangeably in this section). The expression
DNΨP is explicitly given by
DNΨP = i(DNΨP)TΓ0 = iΨTP
←
DTNΓ
0 , (B.1.13)
where ←
DTN =
←
∂ N +
1
4
ωN
QRΓ0ΓQRΓ0 . (B.1.14)
and we have used eq. (A.2.4). Eq. (B.1.13) together with eqs. (A.2.4)-(A.2.8) can be
utilised to compute the transpose of Φ¯M(2). One finds
(Φ¯M(2))
T = −iΓ0ΦM(1) , (B.1.15)
where eq. (A.2.10) has been used. A spinor bilinear Ψ¯Φ is a scalar in spinor space and
hence invariant under transposition Ψ¯Φ = (Ψ¯Φ)T = −ΦTΨ¯T (the minus sign on the
right hand side stems from the anti-commuting nature of the spinors). Thus, the second
term in eq. (B.1.9) becomes
Φ¯M(2)(δeΨM) = [Φ¯
M
(2)(δeΨM)]
T = −(δeΨM)T(Φ¯M(2))T = (δeΨM)ΦM(1) . (B.1.16)
We have established the equivalence of the first two terms in eq. (B.1.9). The super-
symmetry variation of the fermionic action (2.1.8) can now be summarised as follows
δeSCJS,F = − 12κ211
∫
M
d11x
√−g{2(δeΨM)ΦM(1) + (fermi)4} . (B.1.17)
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The full expression reads
(δeΨM)ΦM(1) =
[
2DMe− 1144 e¯(ΓM
NPQR + 8δNMΓ
PQR)GNPQR
]
×
[
ΓMSTDS(ω)ΨT +
1
96
(
ΓMSTUVWΨW + 12gMSΓTUΨV
)
GSTUV
]
. (B.1.18)
The first term in the first square bracket is integrated by parts to take the covariant
derivative off the supersymmetry parameter e. After multiplying out the two square
brackets, the resulting terms may be split into four groups
(δeΨM)ΦM(1) = X1 + . . . + X4 , (B.1.19)
X1 = −2e¯ΓMNPDMDNΨP , (B.1.20)
X2 = − 1144 e¯(3Γ
NPQRST + 36gNSgPTΓQR + ΓM NPQRΓMST
+ 8ΓPQRΓNST)(DSΨT)GNPQR ,
(B.1.21)
X3 = −14 e¯ΓNPΨQ∇MG
MNPQ , (B.1.22)
X4 = − 1(4!)3 e¯
(
ΓM NPQRΓMSTUVW + 12ΓSNPQRΓTU gVW
+ 8ΓPQRΓNSTUVW + 96ΓPQRΓTU gNSgVW
)
ΨW GNPQRGSTUV .
(B.1.23)
One term in X3 has already been dropped by virtue of the Bianchi identity dG = 0.
X1 can be simplified by using 2D[M D N] = [DM, DN ] = 14 RMN
PQΓPQ, which yields
X1 = −14 e¯Γ
MNPΓQRRMN QRΨP . (B.1.24)
The product ΓMNPΓQR can be re-written by means of eq. (A.2.11). This results in
X1 = −e¯ΓMΨNGMN , (B.1.25)
where we have used RMN = RP MPN , RM[NPQ] = 0, RMNPQ = −RNMPQ = −RMNQP
and RMNPQ = RPQMN .
Now, we turn to X2. For the third and fourth term in X2, we use again eq. (A.2.11)
to obtain
ΓM NPQRΓMST(DSΨT)GNPQR = (5ΓNPQRST + 48gN[S Γ T]PQR
− 84gNSgPTΓQR)(DSΨT)GNPQR ,
(B.1.26)
8ΓPQRΓNST(DSΨT)GNPQR = (−8ΓNPQRST − 48gN[S Γ T]PQR
+ 48gNSgPTΓQR)(DSΨT)GNPQR .
(B.1.27)
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After putting this back into the expression (B.1.21) for X2, one concludes
X2 = 0 . (B.1.28)
X3 as stated in eq. (B.1.22) can not be transformed any further and is already written
in its final form. As for X4, the four terms in parenthesis can be re-written by means of
eq. (A.2.11). The result reads as follows
ΓM NPQRΓMSTUVWΨW GNPQRGSTUV = (2ΓNPQRSTUVW
− 288ΓNPSTW gQU gRV + 144ΓW gNSgPTgQU gRV)ΨW GNPQRGSTUV
+ (12ΓNPQRSTU − 192ΓNPQSTgRU − 720ΓNPSgQTgRU
+ 576ΓN gPSgQTgRU)ΨVGNPQRGSTUV ,
(B.1.29)
12ΓSNPQRΓTUΨVGNPQRGSTUV = (12ΓNPQRSTU + 96ΓNPQSTgRU
− 144ΓNPSgQTgRU)ΨVGNPQRGSTUV ,
(B.1.30)
8ΓPQRΓNSTUVWΨW GNPQRGSTUV = (−8ΓNPQRSTUVW
+ 288ΓNPSTW gQU gRV)ΨW GNPQRGSTUV + (−24ΓNPQRSTU
+ 192ΓNPQSTgRU + 288ΓNPSgQTgRU)ΨVGNPQRGSTUV ,
(B.1.31)
96ΓPQRΓTU gNSΨVGNPQRGSTUV = (−96ΓNPQSTgRU + 576ΓNPSgQTgRU
+ 576ΓN gPSgQTgRU)ΨVGNPQRGSTUV .
(B.1.32)
The first term in eqs. (B.1.29) and (B.1.31) contains ΓM1...M9 , which is dualised to ΓN1 N2
by means of the dualisation relation stated in eq. (A.2.12).
Finally, collecting all terms and plugging them back into eq. (B.1.23), one finds for
X4
X4 = e¯ΓMΨN
[
1
12
GMPQRGN PQR − 196 gMNG
2
]
− 1
8(4!)2
e¯ΓNPΨQGM1...M4 GM5...M8e
M1...M8 NPQ , (B.1.33)
and for SCJS,F
δeSCJS,F = − 12κ211
∫
M
d11x
√−g{2(X1 + . . . X4) + (fermi)4} = −δeSCJS,B , (B.1.34)
with δeSCJS,B as stated in eq. (B.1.8). The full 11-dimensional CJS action (2.1.1) is given
by SCJS = SCJS,B + SCJS,F. From eq. (B.1.34), we therefore learn that
δeSCJS = δeSCJS,B + δeSCJS,F = 0 , (B.1.35)
which constitutes an off-shell symmetry since the equations of motion have not been in-
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voked. This completes the verification of the vanishing of the supersymmetry variations
of the 11-dimensional CJS action (2.1.1) up to the (fermi)2-level.
B.2 Chern classes of CICY five-folds
In this short appendix, we provide some details of how to obtain the formulæ (3.6.11)-
(3.6.16) for the Chern classes of CICY five-folds used in section 3.6.1. For a complete
intersection of hypersurfaces in products of complex projective spaces described by a
configuration matrix [n|q] as defined in (3.6.5), the total Chern class c([n|q]) is given
by the succinct formula [57, 52]
c([n|q]) = ∏
m
r=1(1+ Jr)nr+1
∏Kα=1(1+∑
m
s=1 qsα Js)
. (B.2.1)
This is to be regarded as a formal expression that should be expanded into a power
series in the Ka¨hler forms Jr. The (p, p)-part of that power series then yields the correct
expression for the p-th Chern class cp([n|q]). The power series automatically truncates
after finitely many terms since any (l, l)-form with l > dimC[n|q] = ∑mr=1 nr − K
vanishes on [n|q].
To obtain the explicit expression for the power series, one performs a multi-variable
Taylor expansion about the origin. The following result on the multi-variable Taylor
expansion of a function f (J1, . . . , Jm) of m variables Jr will be useful
f (J1, . . . , Jm) =
n1
∑
i1=0
· · ·
nm
∑
im=0
(
∂i1
∂Ki11
· · · ∂
im
∂Kimm
f (K1, . . . , Km)
i1! · · · im!
) ∣∣∣∣∣
K=0
Ji11 · · · Jimm , (B.2.2)
where we have already made use of the fact that Jnr+1r = 0 to truncate the sums and we
have specialised to an expansion about the origin by setting K = 0.
Regarding the right hand side of eq. (B.2.1) as a function f (J1, . . . , Jm) of m variables
Jr, applying the Taylor expansion formula and collecting terms of equal degrees such
that c([n|q]) = 1+∑dimC[n|q]p=1 cp([n|q]), one has
cp([n|q]) =
m
∑
r1,...,rp=1
∂pc([n|q])
∂Jr1 · · · ∂Jrp
∣∣∣∣∣
J=0
Jr1 · · · Jrp (B.2.3)
for p = 1, . . . , dimC[n|q]. For the first derivative of eq. (B.2.1), one finds
∂c([n||q])
∂Jr
= c([n||q])
[
(nr + 1)(1+ Jr)−1 −
K
∑
α=1
qrα(1+
m
∑
s=1
qsα Js)
−1
]
, (B.2.4)
which is of the symbolic form f ′(x) = f (x)g(x) with g(x) representing the expression
in square brackets in the equation above. Symbolically, the n-th derivative f (n)(x) is
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thus given by a variant of Faa` di Bruno’s formula (the generalisation of the chain rule
to higher derivatives)
f (n)(x) = f (x)
 ∑
(k1,...,kn)∈Tn
n!
k1! · · · kn!
n
∏
m=1,km≥1
(
g(m−1)(x)
m!
)km , (B.2.5)
where the sum runs over the set Tn of all n-tuples (k1, . . . , kn) of non-negative integers
satisfying the constraint 1k1 + 2k2 + · · ·+ nkn = n. The number of terms in the above
sum is equal to the partition number p(n), that is the number of possible partitions of
n. Here, we just need the cases n = 2, . . . , 5, which read as follows
f (2) = f [g2 + g′] , (B.2.6)
f (3) = f [g3 + 3gg′ + g(2)] , (B.2.7)
f (4) = f [g4 + 6g2g′ + 3(g′)2 + 4gg(2) + g(3)] , (B.2.8)
f (5) = f [g5 + 10g3g′ + 10g2(g(2))2 + 15g(g′)2 + 10g′g(2) + 5gg(3) + g(4)] . (B.2.9)
Putting everything together, using the above formulæ and noting that c([n|q])|J=0 = 1,
we find for general configurations (not necessarily Calabi-Yau)
cr1 ≡
∂c([n||q])
∂Jr
∣∣∣∣∣
J=0
=
[
nr + 1−
K
∑
α=1
qrα
]
, (B.2.10)
crs2 ≡
1
2
∂2c([n||q])
∂Jr∂Js
∣∣∣∣∣
J=0
=
1
2
[
−(nr + 1)δrs +
K
∑
α=1
qrαq
s
α + c
r
1c
s
1
]
, (B.2.11)
crst3 ≡
1
3!
∂3c([n||q])
∂Jr∂Js∂Jt
∣∣∣∣∣
J=0
=
1
3
[
(nr + 1)δrst −
K
∑
α=1
qrαq
s
αq
t
α + 3c
(rs
2 c
t)
1 − cr1cs1ct1
]
,
(B.2.12)
crstu4 ≡
1
4!
∂4c([n||q])
∂Jr · · · ∂Ju
∣∣∣∣∣
J=0
=
1
4
[
−(nr + 1)δrstu +
K
∑
α=1
qrαq
s
αq
t
αq
u
α + 2c
(rs
2 c
tu)
2
+4c(rst3 c
u)
1 − 4c(rs2 ct1c u)1 + cr1cs1ct1cu1
]
, (B.2.13)
crstuv5 ≡
1
5!
∂5c([n||q])
∂Jr · · · ∂Jv
∣∣∣∣∣
J=0
=
1
5
[
(nr + 1)δr...v −
K
∑
α=1
qrα · · · qvα + 5c(rst3 c uv)2
+5c(rstu4 c
v)
1 − 5c(rs2 ctu2 c v)1 − 5c(rst3 cu1 c v)1 + 5c(rs2 ct1cu1 c v)1 − cr1 · · · cv1
]
.
(B.2.14)
The Calabi-Yau condition c1([n|q]) = 0 translates into a set of algebraic constraints
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cr1 = 0, that is
K
∑
α=1
qrα = nr + 1 (B.2.15)
for all r = 1, . . . , m. The numerous terms in (B.2.10)-(B.2.14) involving the coefficients
cr1 thus vanish for CICYs leading to a significant simplification of the expressions above
and we arrive at the formulæ (3.6.11)-(3.6.16) quoted in the main text.
Finally, we turn to some inequalities involving Chern classes. From the Calabi-Yau
condition (B.2.15) and the fact that the qrα are non-negative integers, we obtain
K
∑
α=1
(qrα)
j ≥ nr + 1 , (B.2.16)
valid for all r = 1, . . . , m and all positive integers j = 1, 2, . . .. A linear constraint in a
single Pn produces Pn−1 and is hence redundant. Such a linear constraint would satisfy
∑mr=1 qrα = 1 for some α and should be excluded to avoid over-counting. We therefore
require [57]
m
∑
r=1
qrα ≥ 2 (B.2.17)
for all α = 1, . . . , K. In the following, we distinguish between two different cases and
consider them separately.
In the first case, at least one of the qrα is greater than one, for example as in [6|7]. Let
us call such an element qsβ, that is q
s
β ≥ 2 for some β and s. Then, for r = s, the left hand
side of the inequality (B.2.16) is genuinely larger than the right hand side and thus
css2 =
1
2
[
K
∑
α=1
(qsα)
2 − (ns + 1)
]
> 0 , (B.2.18)
csss3 =
1
3
[
(ns + 1)−
K
∑
α=1
(qsα)
3
]
< 0 , (B.2.19)
cssss4 =
1
4
[
K
∑
α=1
(qsα)
4 − (ns + 1) + 2(css2 )2
]
> 0 , (B.2.20)
csssss5 =
1
5
[
(ns + 1)−
K
∑
α=1
(qsα)
5 + 5csss3 c
ss
2
]
< 0 . (B.2.21)
The second case constitutes configurations where all qrα are either zero or one. For
example,
[
4
4
2
∣∣∣ 1 1 1 1 11 1 1 1 1
1 1 1 0 0
]
. In this case, (B.2.16) becomes an equality and hence, crr2 = c
rrr
3 =
crrrr4 = c
rrrrr
5 = 0 for all r, while (B.2.17) guarantees that m ≥ 2. Hence, we choose two
different values, r 6= s, for r and s and then find
crs2 =
1
2
K
∑
α=1
qrαq
s
α =
1
2
min(nr + 1, ns + 1) > 0 , (B.2.22)
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crss3 = −
1
3
K
∑
α=1
qrα(q
s
α)
2 = −1
3
min(nr + 1, ns + 1) < 0 , (B.2.23)
crsss4 =
1
4
K
∑
α=1
qrα(q
s
α)
3 =
1
4
min(nr + 1, ns + 1) > 0 , (B.2.24)
crssss5 = −
1
5
K
∑
α=1
qrα(q
s
α)
4 = −1
5
min(nr + 1, ns + 1) < 0 . (B.2.25)
This shows that for every configuration at least some of the coefficients crs2 , c
rst
3 , c
rstu
4
and crstuv5 are non-zero and of definite sign.
Of course, this is not sufficient to conclude that the Chern classes themselves
are non-zero, since it is in general configuration-dependent whether the coefficients
considered above dot into combinations of Jrs that vanish or not. Instead, using (3.6.19)
and (3.6.20), it is easy to see that κ(Jr, Js, Jt, Ju, Jv) ≥ 0 and hence
cˆ4r = cstuv4 κ(Jr, Js, Jt, Ju, Jv) ≥ 0 , (B.2.26)
η([n|q]) =
∫
[n|q]
c5([n|q]) ≤ 0 . (B.2.27)
The following configuration is an example of a complete intersection manifold with
vanishing Euler number [
2
5
∣∣∣∣∣ 3 00 6
]
. (B.2.28)
For its fourth Chern class, we find c4 = 7830 Jˆ1. However, this configuration can be
written as [2|3]× [5|6], which means it decomposes into T2 ×CY4 and is therefore not
a Calabi-Yau five-fold in the strict sense defined in chapter 3.
B.3 X8 and the relationship between Chern classes and Pontr-
jagin classes
As mentioned in section 2.2, one of the O(β)-corrections to the 11-dimensional super-
gravity action (2.1.1) is the famous Green-Schwarz term (2.2.11) [33]. It consists of a
wedge product between the 3-form gauge field A and an object denoted X8, which is a
quartic polynomial in the curvature two-formRM N ≡ 12 RM NPQdxP ∧ dxQ
X8 =
1
(2pi)4
[
− 1
768
(trR2)2 + 1
192
trR4
]
. (B.3.1)
In (2.2.12), it was claimed without proof that X8 can be written in terms of the first and
second Pontrjagin classes, which are topological invariants of the 11-dimensional space-
time manifoldM. This fact is important in deriving the topological constraint (5.1.11)
in section 5.1 and the lack of proof is remedied now.
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Before discussing Pontrjagin classes, we begin with a preliminary exercise. Let
us consider the expression det (1 + A) for a complex diagonalisable n× n matrix A
and denote its eigenvalues by {xi}i=1,...,n. Thus, det A = x1 · · · xn and the expression
det (1 + A) reads as follows
det (1 + A) = (1+ x1) · · · (1+ xn) . (B.3.2)
The next step is to multiply out the right hand side and collect together terms of the
same degree in the xi. One finds
det (1 + A) =
n
∏
i=1
(1+ xi) = 1+ S1(x) + . . . + Sn(x) , (B.3.3)
where Sk(x) is the k-th elementary symmetric function in the xi defined by Sk(x) ≡
∑i1<...<ik xi1 · · · xik . In particular, S1(x) = ∑ni=1 xi, S2(x) = ∑i<j xixj and Sn(x) =
x1 · · · xn and we see immediately that S1(x) = tr A and Sn(x) = det A. For the re-
maining Sk(x), more complicated expressions in terms of A emerge
S1(x) = tr A , (B.3.4)
S2(x) =
1
2
[
(tr A)2 − tr A2] , (B.3.5)
S3(x) =
1
3!
[
2 tr A3 − 3(tr A2)tr A + (tr A)3] , (B.3.6)
S4(x) =
1
4!
[
−6 tr A4 + 3(tr A2)2 + (tr A)4 + 8(tr A3)tr A− 6(tr A)2tr A2
]
, (B.3.7)
...
Sk(x) = det A . (B.3.8)
These formulæ can be most straightforwardly checked in a reverse manner, that is
by starting from the expressions on the right hand side and applying the so-called
multinomial theorem, which reads
(x1 + . . . + xn)k = ∑
i1+...+in=k
(
k
i1, . . . , in
)
xi11 · · · xinn (B.3.9)
and the multinomial coefficients are defined by ( ki1,...,in) ≡ k!/(i1! · · · in!).
The total Pontrjagin class p(E) of a real vector bundle E over an n-dimensional
manifoldM equipped with a connection ω is defined by
p(E) ≡ det
(
1 +
1
2pi
Ω
)
= 1⊕ p1(E)⊕ p2(E)⊕ · · · , (B.3.10)
where Ω = dω+ω ∧ω is the curvature two-form of E with respect to the connection
ω. Viewed as a matrix, Ω is anti-symmetric, ΩT = −Ω, and not diagonalisable by an
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element of GL(k,R), but by one of GL(k,C), where k ≡ dim E. The result is
Ω
GL(k,C)−→ diag(ix1,−ix1, ix2,−ix2, . . .) (B.3.11)
and Ω2i
GL(k,C)−→ (−1)i diag(x2i1 , x2i1 , x2i2 , x2i2 , . . .). Hence, trΩ2i = 2(−1)i ∑bk/2cj=1 x2ij and
the total Pontrjagin class can be expanded as follows
det
(
1 +
1
2pi
Ω
)
= det
(
1 − 1
2pi
Ω
)
=
bk/2c
∏
i=1
(
1+
1
(2pi)2
x2i
)
, (B.3.12)
where the first equality is a consequence of ΩT = −Ω and bk/2c denotes the largest
integer less than or equal to k/2. The pi(E) in the expansion (B.3.10) are the analogue of
the elementary symmetric functions Sk(x) in eq. (B.3.3) and we read off (2pi)2i pi(E) =
∑j1<...<ji x
2
j1 · · · x2ji . By the same procedure as described above for the Sk(x), one finds
expressions for the pi(E) as polynomials of degree 2i in the curvature two-form
p1(E) = −12
1
(2pi)2
trΩ2 , (B.3.13)
p2(E) =
1
8
1
(2pi)4
[
(trΩ2)2 − 2 trΩ4
]
, (B.3.14)
p3(E) =
1
48
1
(2pi)6
[
−(trΩ2)3 + 6 trΩ2 trΩ4 − 8 trΩ6
]
, (B.3.15)
...
pbk/2c(E) =
1
(2pi)2bk/2c
detΩ (B.3.16)
and [pi(E)] ∈ H4i(M,Z). Also, pi(E) = 0 for 2i > k or 4i > n. The Pontrjagin classes
pi(M) of the manifold M are defined with respect to its tangent bundle TM and
curvature R as pi(M) ≡ pi(TM). With the help of (B.3.1), (B.3.13) and (B.3.14), one
straightforwardly verifies the expression (2.2.12) given for X8 in section 2.2.
Next, we turn to complex vector bundles, where an analogue of the Pontrjagin
classes, namely the Chern classes, exist. Let E be a complex vector bundle over an
n-dimensional manifoldM equipped with a connection ω. The total Chern class of E
is then defined as
c(E) ≡ det (1 + i
2pi
Ω) = 1⊕ c1(E)⊕ c2(E)⊕ · · · . (B.3.17)
The (matrix-valued) curvature two-form Ω can be diagonalised by an element of
GL(k,C), where k ≡ dimC E. If we denote its eigenvalues by {xi}i=1,...,k, we can
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directly apply eqs. (B.3.2)-(B.3.3) to re-write c(E) as
det (1 +
i
2pi
Ω) =
k
∏
i=1
(1+
i
2pi
xi) (B.3.18)
and use the expressions (B.3.4)-(B.3.8) for the elementary symmetric functions Sk(x) to
find the ci(E) as polynomials of degree i in Ω
c1(E) =
i
2pi
trΩ , (B.3.19)
c2(E) =
1
8pi2
[
trΩ2 − (trΩ)2] , (B.3.20)
c3(E) =
i
48pi3
[−2 trΩ3 + 3(trΩ2)trΩ− (trΩ)3] , (B.3.21)
c4(E) =
1
384pi4
[
−6 trΩ4 + 3(trΩ2)2 + (trΩ)4 + 8(trΩ3)trΩ− 6(trΩ)2trΩ2
]
,
(B.3.22)
...
ck(E) =
(
i
2pi
)k
detΩ . (B.3.23)
Note that [ci(E)] ∈ H2i(M,Z) and ci(E) = 0 for i > k or 2i > n. The Chern classes
ci(M) of a complex manifoldM are defined with respect to its holomorphic tangent
bundle TM as ci(M) ≡ ci(TM).
Neglecting the complex structure, a complex vector bundle E with dimC E = k can
also be viewed as a real vector bundle with dimR E = 2k, which is why one expects
a relationship between the Chern and Pontrjagin classes of E. In order to find this
relationship, we need the following embedding of U(k) into SO(2k) (see, for example,
ref. [2])
F : U(k)→ SO(2k), F(U) ≡
(
UR UI
−UI UR
)
, (B.3.24)
where U = UR + iUI and both UR and UI are k× k matrices with real entries. With the
explicit form of F and a bit of algebra, one may verify
trR T2k ≡ trR F(T2k) = 2 tr T2k , ∀ k > 0 , (B.3.25)
where T is an element in the fundamental representation of the Lie algebra u(k) cor-
responding to U(k) and we have introduced trR to denote the trace taken in the
fundamental representation of the Lie algebra so(2k) corresponding to SO(2k) and
induced by the map F. Recalling that the curvature two-form Ω is Lie algebra-valued
(with the Lie algebra corresponding to the structure group of the vector bundle E), we
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compute the Pontrjagin classes of the complex vector bundle E
p1(E) = −12
1
(2pi)2
trRΩ2 = − 1(2pi)2 trΩ
2 , (B.3.26)
p2(E) =
1
8
1
(2pi)4
[
(trRΩ2)2 − 2 trRΩ4
]
=
1
2
1
(2pi)4
[
(trΩ2)2 − trΩ4
]
, (B.3.27)
p3(E) =
1
48
1
(2pi)6
[
−(trRΩ2)3 + 6 trRΩ2 trRΩ4 − 8 trRΩ6
]
=
1
6
1
(2pi)6
[
−(trΩ2)3 + 3 trΩ2 trΩ4 − 2 trΩ6
]
, (B.3.28)
...
from eqs. (B.3.13)-(B.3.15) and (B.3.25). Plugging eqs. (B.3.19)-(B.3.22) into eqs. (B.3.26)-
(B.3.27) directly implies
p1 = c21 − 2c2 , (B.3.29)
p2 = c22 − 2c1c3 + 2c4 . (B.3.30)
...
This represents a specialisation of the general formula [126, 57]
pi = c2i + 2
i−1
∑
j=0
(−1)i+jcjc2i−j , (B.3.31)
with c0 = 1.
Finally, we quote without proof [126, 34]: p(E⊕ F) = p(E) ∧ p(F). For R× X, this
implies
p(R× X) = p(TR⊕ TX) = p(TR) ∧ p(TX) = p(X) , (B.3.32)
where we have used p(R) = 1 to arrive at the last equality. This means pi(R× X) =
pi(X) and for X a Calabi-Yau five-fold (that is, with c1(X) = 0), one finds
X8(R× X) = 148
(( p1
2
)2 − p2) = − 124c4(X) (B.3.33)
after using eqs. (B.3.29)-(B.3.30). This proves eq. (5.1.10), which was crucial in deriving
the topological constraint present in Calabi-Yau five-fold compactifications of M-theory
considered in section 5.1.
B.4 Details of the fermionic reduction: An example
In this section, we will take a closer look at how the results of section 5.3.2 are obtained.
To illustrate the techniques used to calculate the fermionic part of the one-dimensional
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effective action, we specialise to a particular term and follow it through each step of
the calculation.
As exemplary term, we choose the kinetic term of the (1, 1) fermions ψi. In other
words, we will now show explicitly how the first term in (5.3.21) arises from the
fermionic reduction. In the ansatz (5.3.4)-(5.3.6) for the 11-dimensional gravitino, we
may drop all but the (1, 1)-part
Ψ0 = 0 , Ψµ¯ = ψi(τ)⊗ (ωi,νµ¯γνη) , Ψµ = −ψ¯i(τ)⊗ (ωi,µν¯γν¯η?) . (B.4.1)
The minus sign in the last expression follows from Ψµ = (Ψµ¯)∗, which descends from
the 11-dimensional Majorana condition, and (ωi,µν¯)∗ = −ωi,νµ¯, which is the component
version of the reality condition (ωi)∗ = ωi of the (1, 1)-forms.
The starting point for the fermionic reduction is the fermionic part of the CJS
action (2.1.8). Here, we only need to consider the 11-dimensional Rarita-Schwinger
action, that is the first term in (2.1.8), for none of the other terms contain derivatives of
fermions. In the remainder of this section, the ellipsis symbol (. . .) indicates fermionic
terms not capable of contributing to the first term in (5.3.21). We can then write (2.1.8)
as
SCJS,F = − 12κ211
∫
d11x
√−g Ψ¯MΓMNPDN(ω)ΨP + . . .
= − 1
2κ211
∫
dτd10x
N
2
√
g(10) iΨ†mΓ
0Γm0nΨ˙n + . . . ,
(B.4.2)
where in the second line, we used (5.2.3), (5.3.18)-(5.3.20) and the definition of the Dirac
conjugate and we restricted to the index structure of (B.4.1). The Clifford algebra (A.2.1)
allows us to simplify the gamma matrix expression to
Γ0Γm0n = −Γ0Γ0Γmn = −e00(Γ0)2Γmn = −2N−1γmn . (B.4.3)
Re-inserting this result into (B.4.2) yields
SCJS,F = − 12κ211
∫
dτd10x
√
g(10) (−i)Ψ†mγmnΨ˙n + . . . . (B.4.4)
The next step is to change to holomorphic coordinates1
Ψ†mγ
mnΨ˙n = Ψ†µγ
µνΨ˙ν +Ψ†µγ
µν¯Ψ˙ν¯ − c.c. = X1 + X2 − X∗1 − X∗2 , (B.4.5)
and to insert the ansatz (B.4.1)
X1 = Ψ†µγ
µνΨ˙ν = η†γρ¯γµνγσ¯η? ωi,µρ¯ωj,νσ¯ψ¯i ˙¯ψj , (B.4.6)
1The minus sign in front of X∗i is a consequence of the anti-commuting nature of ΨM. It renders
Ψ†mγmnΨ˙n imaginary and, together with the additional factor of i in (B.4.4), it ensures that the action SCJS,F
is real.
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X2 = Ψ†µγ
µν¯Ψ˙ν¯ = −η†γρ¯γµν¯γση ωi,µρ¯ωj,σν¯ψ¯iψ˙j . (B.4.7)
The 10-dimensional spinor bilinears can be computed explicitly by means of the gamma
matrix algebra (A.2.15) together with the annihilation condition (3.4.8). One finds
X1 = −2η†η? (ωi,µνωj,νµ − ω˜iω˜j)ψ¯i ˙¯ψj = 0 , (B.4.8)
X2 = −2(ωi,µνωj,νµ − 2ω˜iω˜j)ψ˙iψ¯j , (B.4.9)
where, in the second line, the normalisation η†η = 1 (see eq. (3.4.6)) was used and the
one-dimensional spinors were re-ordered and re-labelled at the cost of a minus sign.
The first line vanishes since η†η? = 0 (see eq. (3.4.7)). Thus, eq. (B.4.5) reads
Ψ†mγ
mnΨ˙n = (ψi ˙¯ψj − ψ˙iψ¯j)(2ωi,µνωj,νµ − 4ω˜iω˜j) , (B.4.10)
and the action (B.4.4) becomes
SCJS,F = − 12κ211
∫
dτ
i
2
(ψi ˙¯ψj − ψ˙iψ¯j)
[
−4
∫
X
d10x
√
g(10) (ωi,µνωj,νµ − 2ω˜iω˜j)
]
+ . . . .
(B.4.11)
With the help of the formulæ of appendix A.4, it is straightforward to see that the ex-
pression in square brackets is equal to the physical (1, 1)-metric G(1,1)ij defined in (5.2.21).
We thereby arrive at the final result
SCJS,F = − l2
∫
dτ
i
2
G(1,1)ij (t)(ψ
i ˙¯ψj − ψ˙iψ¯j) + . . . , (B.4.12)
where l = v/κ211. We thus precisely reproduced the first term in (5.3.21), as claimed. All
other terms in the fermionic part of the one-dimensional effective action as presented
in section 5.3.2 follow from calculations that are similar in spirit to the one picked out
here as an example.
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